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Abstract: We use 3d bosonization dualities to derive new non-supersymmetric dualities
between bosonic quiver theories in 2 + 1 dimensions. It is shown that such dualities are a
natural non-Abelian generalization of the bosonic particle-vortex duality. A special case of
such dualities is applicable to Chern-Simons theories living on interfaces in 3 + 1 dimensional
SU(N) Yang-Mills theory across which the theta angle jumps. We also analyze such interfaces
in a holographic construction which provides further evidence for novel dualities between
quiver gauge theories and gauge theories with adjoint scalars. These conjectured dualities
pass some stringent consistency tests.
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1 Overview
Recently, a family of non-supersymmetric dualities between Chern-Simons-matter theories in
2+1-dimensions has been conjectured [1]. Due to the fact that one side of the duality contains
bosons and the other has fermions, such identifications have been termed “3d bosonization”
or “Aharony’s dualities”. Schematically, these dualities state
SU(k)N with Nf φ ↔ U(N)−k+Nf
2
with Nf ψ, (1.1a)
U(k)N with Nf φ ↔ SU(N)−k+Nf
2
with Nf ψ (1.1b)
where φ are self-interacting scalars, ψ are free fermions, and “↔” means the theories share
an IR fixed point. These dualities are subject to the flavor bound Nf ≤ k.
The strongest evidence for such dualities is based on studies where the level (k) and
the rank (N) are taken to be much greater than one (but k/N is held fixed). In this limit
observables are under perturbative control [2–8] and one can confirm that many observables
on both sides of the duality such as the operator spectrum, free energy, and correlation
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functions match to leading order. Additionally, one can deform away from the IR fixed point
by including relevant operators in the Lagrangian. This procedure yields topological field
theories (TFTs) which are level-rank dual and hence equivalent.
Surprisingly, further evidence for these dualities arises in the exact opposite regime, where
N = k = Nf = 1. In this case, (1.1) reduces to
Wilson-Fisher scalar ↔ U(1)−1/2 + fermion, (1.2a)
U(1)1 + scalar ↔ free fermion. (1.2b)
These “Abelian dualities” have been used to derive an entire web of related dualities [9,
10], within which is the well-known bosonic particle-vortex duality [11, 12] and its recently
discovered fermionic equivalent [13]. The methodology used in deriving this web of Abelian
dualities has been extended to Abelian and non-Abelian linear quivers [14, 15] to generate
even more novel dualities, although these are often limited in scope due to flavor bounds.
More recently, a generalization of Aharony’s dualities has been discovered [16, 17] where
each side of the duality has fermions and scalars,
SU(N)−k+Nf
2
with Ns φ and Nf ψ ↔ U(k)N−Ns
2
with Nf Φ and Ns Ψ. (1.3)
Note that this duality reduces to (1.1a) and (1.1b) when Nf = 0 and Ns = 0, respectively.
We will refer to this duality as the “master duality” since (1.1) can be recovered as a special
case. Novel to the master duality is the fact the scalar and fermionic matter on each side
of the duality interact with one another through a quartic term and each type of matter is
subject to its own flavor bound.
Said dualities have application toward the half-filled fractional quantum Hall effect as
well as surface states of topological insulators [10, 13, 18, 19]. Further support for these
dualities include deformations from supersymmetric cases [20–23], derivation from an array
of 1 + 1 dimensional wires [24], a matching of global symmetries and ’t Hooft anomalies [25],
consistency checks of the dualities on manifolds with boundaries [26, 27], and support from
Euclidean lattice constructions [28–30].
In this work we use the master duality and methods similar to those developed in [15]
to derive novel Bose-Bose dualities between non-Abelian linear quivers. We argue that these
dualities can be viewed as a natural generalization of the bosonic particle-vortex duality to
non-Abelian gauge groups since the quivers share many of the qualitative features present in
the particle-vortex duality.
Of particular interest is the application of these dualities to 2 + 1-dimensional defects
in Yang-Mills theory on R4, which will be the focus of the latter half of this paper. It has
recently been shown that there is a mixed ’t Hooft anomaly between time-reversal symmetry
and center symmetry at θ = pi [31]. This is rooted in the fact that SU(N) YM theory is
believed to have N distinct vacua associated to N branches of the theory. Such branches
are individually 2piN periodic and correspond to SU(N)/ZN gauge theories. This seems to
contradict the long held belief that θ is 2pi periodic in SU(N) YM theory, but the conflict
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Figure 1: Parent Chern-Simons matter theory at the phase transition for the special case
n = 5. Nodes represent gauge theories with the associated Chern-Simons term and links
represent matter bifundamentally charged under the gauge groups on the adjascent nodes.
is resolved since the vacua interchange roles under a 2pi transformation. More specifically, if
one tracks the true ground state of the theory, one changes branches in a single 2pi period.
Thus, as theta is varied from, say θ = 0 to 2pin, the theory traverses several vacua. However,
this changes when one couples the one-form center symmetry to a background (two-form)
gauge field. In this case one cannot consistently choose the coefficient of the counterterm,
sometimes referred to as the “discrete theta angle”, to make the theory non-anomalous. Since
this counterterm changes as one traverses branches, a spatially varying θ angle gives rise to
domain walls separating regions with distinct discrete theta angle. Using anomaly inflow
arguments, the effective field theory living on the interface is found to be a Chern-Simons
gauge theory (see [31, 32] for more details).
Although anomaly considerations require a non-trivial theory to live on the interface,
they alone do not fully fix the theory. Among others, [SU(N)−1]n or SU(N)−n would be
consistent choices.1 The authors of [32] argue that, at least at n  N , [SU(N)−1]n is the
appropriate description for slowly varying theta (meaning that |∇θ|  Λ where Λ is the
strong coupling scale of the confining gauge theory), whereas SU(N)−n is appropriate for a
sharp interface such as a discrete jump by 2pin at a given location. If these are indeed the
correct descriptions this suggests that there is a phase transition as one smooths out a given
jump in θ. If this phase transition is second order, the transition point would be governed
by a CFT which is most easily realized as a Chern-Simons-matter theory. In any case, this
CFT can serve as a parent theory from which topological field theories, describing either the
slowly varying as well as the sharp step, can be realized as massive deformation.
The conjectured CFT between the two extreme phases is schematically
[SU(N)−1]n + bifundamental scalars (1.4)
which was used in ref. [32] to explain the transition between two different vacua of (3 + 1)-
dimensional Yang-Mills. This parent CFT is based on a quiver gauge theory as displayed in
Fig. 1. Each node depicts a SU(N)−1 Chern-Simons gauge theory, the links connecting them
represent bifundamental scalar fields, Y . The theory has two obvious massive deformations:
we can give all the scalars a positive or a negative mass squared. In the former case the
scalars simply decouple and we are left with the [SU(N)−1]n TFT appropriate for slowly
1Note that we are changing the direction of the θ gradient relative to [32] and so have negative levels for
our Chern-Simons theories. This is in order to conform to the conventions of [33] for the stringy embeddings.
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varying theta, in the latter case the gauge group factors get Higgsed down to the diagonal
subgroup and we find the SU(N)−n associated with the steep defect. There are also mixed
phases, where some of the Y have negative and some positive mass squared.
In this work, we propose a theory dual to (1.4) which is supported by both 3d bosonization
of non-Abelian linear quivers and holographic duality. The proposed “theta wall” duality is
[SU(N)−1]n + bifundamental scalars ↔ U(n)N + adjoint scalars. (1.5)
We will see that this is a special case of the more general quiver dualities derived in Sec. 3
which do not include matter in the adjoint. This is a special feature of (1.5), owed to the
fact that when all ranks of the SU quiver theory are equal, the U quiver contains nodes
which are confining. With the careful addition of interactions in the proposed theories, mass
deformations on either side of the duality yield TFTs which are level-rank dual to each other.
The paper is outlined as follows. In Sec. 2 we review the master duality and establish
the conventions we use for the rest of the paper. Sec. 3 contains our derivation of the non-
Abelian linear quiver dualities, including the details of how such dualities should be viewed
as generalization of the particle-vortex duality. We then specialize to quivers applicable to
theta interfaces in 3 + 1-dimensional SU(N) Yang-Mills theory in Sec. 4. Subsections 4.1
and 4.2 contain the 3d bosonization and holographic support for such dualities, respectively.
In Sec. 5 we discuss our results and conclude. The appendix contains several details of our
construction of the non-Abelian quivers.
As we were finalizing this work, we were made aware of [34] which studies domain walls
in different phases of the Witten-Sakai-Sugimoto model. This has some overlap with Sec. 4.2,
particularly regarding the nature of domain walls in the pure YM sector.
2 Review of 3d Bosonization
We begin by reviewing 3d bosonization and establish conventions we will use throughout this
paper. The most general form of 3d bosonization, the so-called master bosonization duality
[16, 17], is a conjecture that the following two Lagrangians share the same IR fixed point2
LSU =
∣∣∣Db′+B+A˜1+A˜2φ∣∣∣2 + iψ¯D/b′+C+A˜1ψ + Lint − i [Nf − k4pi TrN
(
b′db′ − i2
3
b′3
)]
− i
[
N
4pi
TrNf
(
CdC − i2
3
C3
)
+
N(Nf − k)
4pi
A˜1dA˜1
]
, (2.1a)
LU = |Dc+CΦ|2 + iΨ¯D/c+B+A˜2Ψ + L′int − i
[
N
4pi
Trk
(
cdc− i2
3
c3
)
− N
2pi
Trk(c)dA˜1
]
(2.1b)
2Here we follow the conventions outlined in ref. [27]. We have dropped all gravitational Chern-Simons
terms since they are not relevant for our purposes. Note there is a slight difference in convention in the sign of
the BF term and the A˜2 coupling on the U side of the duality. However since the difference always amounts
to an even number of sign changes the TFTs still match under mass deformations. Additionally, the flux
attachment procedure picks up two minus signs from this effect as well, meaning the quantum numbers of the
baryon and monopole operators still match.
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Gauge Fields Background Fields
Symmetry SU(N) U(k) SU(Ns) SU(Nf ) U(1)m,b U(1)F,S
Field b′µ cµ Bµ Cµ A˜1µ A˜2µ
Table 1: Various gauge fields used in the master duality. Dynamical fields are denoted
by lowercase letters while background fields by uppercase. A˜1µ is associated with the
monopole/baryon number U(1) symmetry also present in Aharony’s dualities. A˜2µ is as-
sociated to the U(1) symmetry which couples to the additional fermion/scalar matter in the
master duality.
with the mass identifications mψ ↔ −m2Φ and m2φ ↔ mΨ. Our definitions of fields are shown
in Table 1. We will use uppercase letters for background gauge fields, lowercase for dynamical
gauge fields, and Abelian fields carry a tilde. This duality is subject to the flavor bound
(Nf , Ns) ≤ (k,N), but excludes the case (Nf , Ns) = (k,N).3 Our notation for covariant
derivatives is(
Db′+B+A˜1+A˜2
)
µ
φ =
[
∂µ − i
(
b′µ1Ns +Bµ1N + A˜1µ1NNs + A˜2µ1NNs
)]
φ, (2.2a)(
Db′+C+A˜1
)
µ
ψ =
[
∂µ − i
(
b′µ1Nf + Cµ1N + A˜1µ1NNf
)]
ψ, (2.2b)
(Dc+C)µ Φ =
[
∂µ − i
(
cµ1Nf + Cµ1k
)]
Φ, (2.2c)(
Dc+B+A˜2
)
µ
Ψ =
[
∂µ − i
(
cµ1Ns +Bµ1k + A˜2µ1kNs
)]
Ψ. (2.2d)
The interaction terms are
Lint = α
(
φ†acasφacas
)2 − C (ψ¯acafφacas) (φ†bcasψbcaf) (2.3a)
L′int = α
(
Φ†acafΦacaf
)2
+ C ′
(
Ψ¯acasΦacaf
) (
Φ†bcafΨbcas
)
(2.3b)
where ac, bc are indices associated with the color symmetries; af , bf with the SU(Nf ) symme-
try; and as, bs with the SU(Ns) symmetry. C and C
′ coefficients of the associated interactions
which we will later fix. The quartic scalar terms will henceforth be implied anytime a scalar
is present, but we will make note of the scalar/fermion interaction terms when they exist.
As mentioned in the introduction, Aharony’s dualities (1.1) can be found by taking the
Ns = 0 and Nf = 0 limits of (2.1). For example, Aharony’s duality (1.1a) is the Nf = 0 limit
and is an IR duality between Lagrangians
LSU =
∣∣∣Db′+B+A˜1φ∣∣∣2 − i [− k4piTrN
(
b′db′ − i2
3
b′3
)
− Nk
4pi
A˜1dA˜1
]
, (2.4a)
LU = iΨ¯D/c+BΨ− i
[
N
4pi
Trk
(
cdc− i2
3
c3
)
− N
2pi
Trk(c)dA˜1
]
(2.4b)
3There are proposals for dualities describing the phase structure of these theories slightly beyond the bounds
[35], but such cases will not be relevant for this work.
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Figure 2: Derivation of the bosonic particle-vortex duality as a duality between two-node
linear quiver theories. On the left-hand side, we have represented each side of Aharony’s
Abelian dualities as a two-node quiver. The filled yellow circle represents the color gauge
group while the empty circle represents promoted global symmetries (which for the case of
SU(1) are placeholders). The equation numbers corresponding to the two-node quivers are
shown in red. Since the two fermionic theories are the same, one can perform a matching to
arrive at a duality between three two-node quiver theories, the top and bottom of which are
the XY and Abelian Higgs models, respectively.
which are subject to the flavor bounds Ns ≤ N .
We will use the η-invariant convention where a positive mass deformation for the fermion
will not change the level of the Chern-Simons term. When compared to the often employed
convention where an ill defined naive Dirac operator gets augmented with an half integer
Chern-Simons term this means we replace [36, 37]:
iψ¯D/Aψ − i
[
−Nf
8pi
TrN
(
AdA− i2
3
A3
)]
→ iψ¯D/Aψ. (2.5)
We will continue to denote fermion half-levels when specifying the Chern-Simons theory.
3 Non-Abelian Linear Quiver Dualities
We now turn to constructing linear quivers using the master duality. As explained in the
introduction, we are ultimately motivated by the theta wall construction that leads to (1.5),
but we will derive dualities for a far more general case. We will begin with recasting the 3d
bosonization derivation of bosonic particle-vortex duality in a way that highlights the relation
to the non-Abelian quivers.
3.1 Bosonic Particle-Vortex Duality
To derive the bosonic particle-vortex duality we will use 3d bosonization techniques similar
to those used in refs. [9, 10]. We then show how one can reinterpret the derivation in terms of
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a two-node quiver. This will be the simplest non-trivial case of the far more general quivers
we derive in Sec. 3.2. We will drop tildes from Abelian gauge fields in this subsection since
the distinction is not necessary.
Recall the bosonic particle-vortex duality states that, at low energies, the XY model is
dual to the Abelian Higgs model [11, 12],
LXY = |DA1φ|2 ↔ LAH = |DcΦ|2 − i
[
− 1
2pi
cdA1
]
. (3.1)
The mapping of the phases is such that positive mass deformations on one end maps to a
negative deformation on the other end, m2Φ ↔ −m2φ.
In order to derive (3.1) we start by taking the Abelian limit of Aharony’s dualities, (1.2).
In particular, take the N = k = Nf = 1 and Ns = 0 limit of (2.1), which yields the “scalar
+ U(1)1 ↔ free fermion” duality,
LSU = iψ¯D/A1ψ (3.2a)
LU = |DcΦ|2 − i
[
1
4pi
cdc− 1
2pi
cdA1
]
, (3.2b)
with mψ ↔ −m2Φ. Meanwhile, the “fermion + U(1)−1/2 ↔ WF scalar” duality is obtained
by taking the N = k = Ns = 1 and Nf = 0 limit,
LSU = |DA1φ|2 − i
[
− 1
4pi
A1dA1
]
, (3.3a)
LU = iΨ¯D/cΨ− i
[
1
4pi
cdc− 1
2pi
cdA1
]
, (3.3b)
with m2φ ↔ mΨ.
Deriving the bosonic particle-vortex duality from the above two dualities is straightfor-
ward. Note that we already have the XY model in (3.3a) up to the additional background
Chern-Simons term. Hence, we should look for another bosonic theory dual to (3.3b). To
do so, add −i [ 14piA1dA1 − 12piA1dB1] to each side of (3.2) and promote the U(1) background
field to be dynamical, A1 → a1. This gives the dual theories
L′SU = iψ¯D/a1ψ − i
[
1
4pi
a1da1 − 1
2pi
a1dB1
]
(3.4a)
L′U = |DcΦ|2 − i
[
1
4pi
cdc− 1
2pi
cda1 +
1
4pi
a1da1 − 1
2pi
a1dB1
]
. (3.4b)
Since the action is quadratic in the newly promoted a1 field we can integrate it out, which
imposes the constraint a1 = c+B1. Plugging this in, we find
L′U = |DcΦ|2 − i
[
− 1
2pi
cdB1 − 1
4pi
B1dB1
]
. (3.5)
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After relabeling the dynamical field in (3.4a) as a1 → c and changing the background field
B1 → A1, we see (3.4a) matches (3.3b), and thus (3.5) is dual to (3.3a). Canceling the common
background Chern-Simons term, we arrive at the usual particle-vortex duality, (3.1). Note
we get the relative mass flipping between the two ends of the duality since there is only a
relative sign flip between ψ and Φ masses.
We would now like to recast the derivation we just performed to motivate generalization
to a two-node linear quiver. Fig. 2 schematically shows how we would like to view the
derivation. Each of our dual theories in (3.3) and (3.4) can be viewed as a two-node linear
quiver, with the matter bifundamentally charged under the two nodes which it connects.
This is motivated by the fact that in Aharony’s dualities (1.1), each matter field is
fundamentally charged under both a dynamical gauge field and background global flavor
symmetry. If we were to promote said flavor symmetry to be dynamical, the matter becomes
a bifundamental and thus admits a natural description as a two-node quiver. This looks
rather trivial since SU(N) gauge groups for N = 1 are nonsensical, but will generalize nicely
for N ≥ 2. For the Abelian case we will use SU(1) as a placeholder for symmetries that can
be gauged in the more general case.
To see this on the Abelian Higgs side, we will first shift the dynamical gauge field,
c→ c+ a1, so that (3.4b) becomes
L′′U = |Dc+a1Φ|2 − i
[
1
4pi
cdc− 1
2pi
a1dB1
]
. (3.6)
In this form the scalar is bifundamentally charged under two U(1) gauge groups, which
represent the two nodes in the quiver theory. The dual to the Abelian Higgs model, (3.4a),
couples to a single dynamical U(1) gauge field, a1. This was previously the flavor symmetry
but was promoted to a gauge symmetry in moving from (3.2) to (3.4). As mentioned above,
the gauge field belonging to the second node is absent only because we are working in the
Abelian limit of Aharony’s dualities. On the XY model end of the duality (3.3a), φ couples
to two SU(1) fields, so it has no gauge couplings at all.4
The upshot of recasting the derivation in this form is that it readily generalizes to more
complicated two-node quivers. One can use the more general Aharony’s dualities to perform
very similar steps as was done in the Abelian case. We’ll see particle-vortex duality generalizes
to a duality of the form
SU(N1)−k1 × SU(N2)−k2 + bifundamental scalar
↔ U(k1)N1−N2 × U(k1 + k2)N2 + bifundamental scalar. (3.7)
The bosonic particle-vortex duality is then just the N1 = N2 = k1 = 1 and k2 = 0 case.
In Sec. 3.3 we present further evidence of this interpretation by matching the spectrum of
particles and vorticies in (3.7) in a manner similar to the Abelian case. Before we do this we
4For our purposes here, we are ignoring the possibility of gauging the U(1) global symmetry since its
properties are well established in the particle-vortex duality as a global symmetry.
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demonstrate how we can systematically construct the non-Abelian quivers for an arbitrary
number of nodes. This requires the use of the master duality when the number of nodes is
greater than two.
3.2 Building Non-Abelian Linear Quiver Dualities
Following the discussion in the previous subsection, our strategy in deriving dual descriptions
of quiver gauge theories is to start with the master duality and gauge global symmetries
on both sides of the duality in order to arrive at a duality for the resulting product gauge
group. Since in a quiver gauge theory the gauge group associated with a given node sees
the gauge groups associated with the neighboring nodes as global flavor symmetries, this
roughly speaking amounts to dualizing the quiver one node at a time. While not a proof,
this procedure suggests the resulting theories are dual. This basic idea had previously been
pursued in ref. [15] using Aharony’s duality, but the flavor bounds put severe limitations on
the quivers that were amendable to this analysis. In particular, the most interesting case
with equal rank gauge groups on each node was out of reach. We will see that the master
duality will help overcome many of these limitations.
To streamline the derivation it is helpful to follow ref. [15] and rearrange BF terms to
group the SU(N) and U(1) global symmetries together. Additionally, a key ingredient in
matching this analysis to the existing particle-vortex duality will be the global U(1) symme-
tries on either side of the duality. As such, we will be especially careful in keeping track of
the global symmetries at every step.
We start by recalling how ref. [15] derived their quiver transformations and generalize
their method to the master duality. Starting from (2.4), one can use the fact the U(k) field
can be separated into its Abelian and non-Abelian parts, i.e. c = c′ + c˜1k, to perform a shift
on the Abelian portion, c˜→ c˜+ A˜1. This allows one to rewrite LU as
LU = iΨ¯D/c+B+A˜1Ψ− i
[
N
4pi
Trk
(
cdc− i2
3
c3
)
− Nk
4pi
A˜1dA˜1
]
. (3.8)
Canceling the overall factor of iNk4pi A˜1dA˜1 on either side of the duality and defining the new
U(Ns) background field Gµ ≡ Bµ + A˜1µ1Ns , (2.4) becomes
LSU = |Db′+Gφ|2 − i
[
− k
4pi
TrN
(
b′db′ − i2
3
b′3
)]
(3.9a)
LU = iΨ¯D/c+GΨ− i
[
N
4pi
Trk
(
cdc− i2
3
c3
)]
. (3.9b)
The procedure used in [15] to derive new dualities is to promote the non-Abelian U(Ns) global
symmetry to be dynamical. Since both the φ and Ψ matter is charged under G, this turns
the matter into bifundamentals. Schematically, we denote the promoted duality as
SU(N)−k × U(Ns)0 ↔ U(k)N−Ns/2 × U(Ns)−k/2. (3.10)
This is subject to the flavor bound N ≥ Ns.
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In promoting the U(1) global symmetry to a gauge symmetry, we get another U(1) global
symmetry which couples to the new gauge current on either side of the duality. If we wanted to
make the coupling to the new background gauge field B˜1 explicit, we would add a −i 12pi A˜1dB˜1
term to each side of the duality. This is completely analogous to the procedure preformed
in ref. [9], where a new BF term was included with each promotion to represent the new
U(1)-monopole symmetry on each side of the duality.
Below, we will sometimes apply this duality to strictly SU gauge fields, in which case it
is advantageous to only gauge the SU part of the flavor symmetry, so that (3.10) becomes
SU(N)−k × SU(Ns)0 ↔ U(k)N−Ns/2 × SU(Ns)−k/2. (3.11)
Note that in this form of the duality each side retains the original global U(1) symmetries
and we do not obtain the additional global U(1) as above.
We could apply the same procedures to the case where the SU side contains the fermion
and the U side contains the scalar, where we would then find
SU(N)−k+Nf/2 × U(Nf )N/2 ↔ U(k)N × U(Nf )0, (3.12)
which matches the result found in ref. [15] up to an overall shift in the level of the background
term. This case is considered in more detail in Appendix A.1.
Now let us perform similar manipulations to the master duality in (2.1). Since the Chern-
Simons terms on the U side are identical to (2.4b), performing the same manipulations, (2.1b)
becomes
LU =
∣∣∣Dc+A˜1+CΦ∣∣∣2 + iΨ¯D/c+A˜1+B+A˜2Ψ + L′int − i [N14piTrk1
(
cdc− i2
3
c3
)
− N1k1
4pi
A˜1dA˜1
]
.
(3.13)
Again, we cancel the common A˜1 Chern-Simons terms on either side of the duality. It will
also be convenient to perform a shift to move the A˜2 fields onto the ψ and Φ matter, so we
take A˜1 → A˜1−A˜2 on either side of the duality. We could now combine the U(1) and SU(Nf )
global symmetries into the definition of Eµ = Cµ + A˜1µ1Nf as we did in (3.10). However,
we will hold off on doing this since it is more convenient to keep the two global symmetries
separate for our purposes. This leaves us with a duality of the form
LSU =
∣∣∣Db′+B+A˜1φ∣∣∣2 + iψ¯D/b′+C+A˜1−A˜2ψ + Lint − i [Nf − k4pi TrN
(
b′db′ − i2
3
b′3
)]
− i
[
N
4pi
TrNf
(
CdC − i2
3
C3
)
+
NNf
4pi
(A˜1 − A˜2)d(A˜1 − A˜2)
]
, (3.14a)
LU =
∣∣∣Dc+C+A˜1−A˜2Φ∣∣∣2 + iΨ¯D/c+B+A˜1Ψ + L′int − i [N4piTrk
(
cdc− i2
3
c3
)]
. (3.14b)
At this point, we have two choices with how to treat the global symmetry associated with
A˜2. The first choice is to simply leave it as a global symmetry and gauge only the SU(Nf )
flavor symmetry associated with C. In this form, each side of the master duality retains the
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Figure 3: Dualizing a linear quiver. Red nodes are SU gauge groups and black nodes
are U groups. Black (red) links are bifundamental bosons (fermions). Applying Aharony’s
duality to the leftmost link turns the scalar into a fermion. Then, applying the master duality
repeatedly moves said fermion across the quiver until it reaches the final link where Aharony’s
duality can again be used to turn the fermion into a boson.
U(1) global symmetries associated with A˜1 and A˜2. Alternatively, we could also gauge the
global symmetry associated with A˜2. The latter of these cases will be useful for our purposes
in this paper, so we define a U(Nf ) gauge field Gµ ≡ Cµ− A˜2µ1Nf to which ψ and Φ couple.
After gauging the U(Nf ) and SU(Ns) global symmetries, this leaves us with
SU(N)−k+Nf/2×U(Nf )N/2×SU(Ns)0 ↔ U(k)N−Ns/2×U(Nf )0×SU(Ns)−k/2. (3.15)
Similar to Aharony’s duality, in gauging the U(Nf ) symmetry which is associated with G, we
pick up an additional monopole U(1) symmetry on either side of the duality which couples to
the newly gauged A˜2 field. We will denote the background gauge field associated with said
symmetry by B˜2. For completeness, we consider the master duality with all global symmetries
gauged in Appendix A.1.
Note that we can modify either of the above dualities by adding additional background
flavor levels to either side of the duality before promotion. As a reminder, these dualities are
subject to the flavor bound k ≥ Nf and N ≥ Ns, but (k,N) 6= (Nf , Ns). In the Nf = 0 and
Ns = 0 limits, (3.15) reduces to (3.11) and (3.12), respectively, with appropriate relabeling.
Four-Node Example
Let us now use the dualities we’ve defined to dualize a four-node quiver. Walking through
this construction will make generalization to the n-node case straightforward. We begin with
the SU side of the theory
Theory A: SU (N1)−k1 × SU (N2)−k2 × SU (N3)−k3 × SU (N4)−k4 . (3.16)
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Theory A SU(N1)−k1 SU(N2)−k2 SU(N3)−k3 SU(N4)−k4
Y1,2   1 1
Y2,3 1   1
Y3,4 1 1  
Table 2: Charges of the bifundamental matter in our linear quivers.  denotes the matter
transforms in the fundamental representation of the corresponding gauge group.
This theory has the bifundamental scalars which have charges as given in Table 2. In what
follows we will assume that N1 ≥ N2 ≥ N3 ≥ N4 as well as ki ≥ 0 for i = 1, 2, 3, 4. Although
this is not the most general case, below we will find this is required to avoid flavor bounds
to get to the desired U theory. Each of the bifundamentals is charged under a global U(1)
symmetry which rotates its overall phase, giving this side of the duality a [U(1)]3 global
symmetry.
We will denote the bifundamental scalars living between nodes j and j + 1 by Yj,j+1 and
Xj,j+1 on the SU and U side of the duality, respectively. The masses of the U bifundamentals
are denoted by mj,j+1 while we will use Mj,j+1 for those on the SU side.
Before embarking on deriving the duality, note that the uniform mass deformations of
(3.16) are given by
(A1) M2i,i+1 > 0 : SU (N1)−k1 × SU (N2)−k2 × SU (N3)−k3 × SU (N4)−k4 (3.17a)
(A2) M2i,i+1 < 0 : SU (N1 −N2)−k1 × SU (N2 −N3)−k1−k2 × SU (N3 −N4)−k1−k2−k3
× SU (N4)−k1−k2−k3−k4 . (3.17b)
Here we have been careful to account for which gauge group is Higgsed by each bifundamental
scalar. The bifundamental scalar Yi,i+1 has Ni × Ni+1 components. Below we will always
view the smaller of the two gauge groups to be associated with the “flavor” symmetry of
the bifundamentals. As such, if we assume the Higgsing to be maximal, the Higgsing can be
thought of as acting on the “color” gauge group, i.e. the group with the larger rank, while
leaving the flavor group unchanged.5 Since to meet flavor bounds below we have assumed
N1 ≥ N2 ≥ N3 ≥ N4, this means vacuum expectation value takes the form
〈Y aiai+1i,i+1 〉 ∝
(
1Ni+1
0
)aiai+1
(3.18)
with ai, bi and ai+1, bi+1 gauge indices to SU(Ni) and SU(Ni+1), respectively. Reassuringly,
no gauge group acquires a negative rank with this Higgsing pattern.
5For example, for a bifundamental coupled to SU(N1)c and SU(N2)f with N1 ≥ N2, what occurs can be
best understood by first splitting SU(N1)c × SU(N2)f → SU(N1 − N2)c × SU(N2)c × SU(N2)f . Since the
bifundamental is maximally Higgsed in the SU(N2) subgroup, the unbroken part of the two SU(N2) factors
is their diagonal, leaving SU(N1−N2)c×SU (N2)diag. Thus, saying the flavor group is unchanged is a merely
a convenient relabeling. Also note that the Chern-Simons level of the new flavor group will be the sum of the
original flavor and color Chern-Simons levels.
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Returning to our derivation of the non-Abelian linear quiver dualities, we will now show
five theories are dual to one another,
Theory A ↔ Theory B ↔ · · · ↔ Theory E, (3.19)
by sequentially dualizing each node from left to right, see Fig. 3. To begin, we apply Aharony’s
duality (3.11) to the first node to obtain
Theory B: U (k1)N1−N2+N22
× SU (N2)−k2−k1+ k12 × SU (N3)−k3 × SU (N4)−k4 . (3.20)
Flavor bounds are satisfied so long as N1 ≥ N2. This turns the bifundamental scalar on the
link between nodes one and two into a bifundamental fermion. The U(1) global symmetry of
the first bifundamental becomes a monopole symmetry for the Abelian part of the gauge field
which lives on the first node. This will be a common theme as we sequentially step through
nodes and the details are shown in Appendix A.2.
Dualizing the SU(N2) node is where we will need to use something new. We could try
applying Aharony’s dualities (3.10) or (3.12) to the second node. However, one will inevitably
run into flavor bound issues since nodes with links on two sides require a SU(Ni−1 + Ni+1)
flavor symmetry, which exceeds the SU(Ni) color symmetry for the cases we are interested
in here.
Notice that since the master duality has two types of matter it has two separate flavor
symmetries, each subject to its own flavor bound. This is useful for dualizing the nodes with
two links and, furthermore, has the correct matter content since node two in Theory B has
both a bifundamental scalar and fermion attached to it. However, the master duality is quite
a bit different from Aharony’s original dualities in that it requires additional interactions
terms between the scalars and fermions on a given side of the duality, as given in (2.3). Let
us consider how we could introduce such interactions terms and how they affect the theories
we are considering.
Including Bifundamental Interactions
The interaction we need in order to apply the master duality in theory B is
Theory B: C
(B)
2
(
ψ¯a2a11,2 Y
2,3
a2a3
)(
Y †b2b32,3 ψ
1,2
b2a1
)
. (3.21)
Here C
(B)
2 is the coefficient of the interaction on the second node in theory B and we have not
yet committed to its sign or magnitude, but we will do so later by matching TFTs. In what
follows, it will be useful to associate each interaction term with one of the interior nodes of
the quiver.
In order to give rise to (3.21), we must backtrack slightly since a similar interaction should
also then be present in theory A in its dualized form. The exact matching of the interactions
between theories A and B is quite subtle and requires auxiliary field techniques that were
originally introduced in the large N and k literature [7]. Here we will only give a schematic
overview. The full details of this matching are given in Appendix A.3.
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Recall that the purpose of the interaction term in the master duality is to ensure that
when the scalars acquire a vacuum expectation value we also gain an additional mass term
for the fermions [16, 17]. This was vital for matching the phases and TFTs on either side of
the duality. Importantly, regardless of the sign of the mass deformation, the fermions never
condense and thus there is no opportunity for a fermion condensate to influence the mass of
the scalars through the same interaction term. If the fermions did condense, this would yield
a very different looking phase diagram than that found in refs. [16, 17].
Here we identify the fermions with scalars, which can condense when their quadratic
term goes negative. In order to match the TFT phase diagrams of theories A and B under
mass deformations, we need to make sure the interaction term does not allow the Y1,2 con-
densate to influence the Y2,3 mass. In Appendix A.3 we derive an interaction term which has
the desired properties: this term will cause a nonzero vacuum expectation value for the Y2,3
bifundamental to give a positive or negative mass to Y1,2, depending on the sign of the coeffi-
cients C
(A)
2 . However, the opposite effect cannot occur: Y1,2 acquiring a vacuum expectation
value cannot influence the mass of Y2,3. More generally, for the SU side of the duality, the
vacuum expectation value of a link can only affect nodes/links to its left. The interaction
term is unidirectional as it is for the original master duality.
We will schematically denote the interactions we add to Theory A as
Theory A: C
(A)
2
(
Y †a2a11,2 Y
2,3
a2a3
)(
Y †b2a32,3 Y
1,2
b2a1
)
(3.22)
with the understanding that the true interaction is as given in (A.26). Eq. (3.22) is equivalent
to (A.26) if we simply ignore the fact that when the Y1,2 acquires a vacuum expectation value
the interaction term gives a mass to Y2,3, so we will do so henceforth for brevity. An analogous
interaction term is added to node three as well since it will be needed when stepping from
theory C to D.
Having introduced the necessary interaction term, we subsequently apply the master
duality (3.15) to the second and third nodes, this gives
Theory C: U(k1)N1−N2 × U(k1 + k2)N2−N32 × SU(N3)−k3−k1−k2+ k1+k22 × SU(N4)−k4
(3.23)
Theory D: U(k1)N1−N2 × U(k1 + k2)N2−N3 × U(k1 + k2 + k3)N3−N42
× SU(N4)−k4−k1−k2−k3+ k1+k2+k32 . (3.24)
These in turn require the flavor bounds N2 ≥ N3, k2 ≥ 0 and N3 ≥ N4, k3 ≥ 0, respectively.6
Each application of the master duality changes a boson link to a fermion link and vice versa,
effectively driving the single fermion link down the quiver, see Fig. 3. As with the duality
relating theories A and B, the application of the master duality above changes the global
6More precisely, this should exclude the double saturation cases where N2 = N3 and k2 = 0 or N3 = N4
and k3 = 0. We will not make note of such special cases henceforth since they will not be relevant for our
purposes.
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U(1) symmetry across the duality. Specifically, it changes the U(1) global symmetry under
which Y2,3 was charged to a monopole-like symmetry which couples to the Abelian part of
gauge field on the second node. A completely analogous transformation occurs for the baryon
number symmetry of Y3,4. The details of how this occurs are shown in Appendix A.2.
Finally, to arrive at the desired dual theory we again apply Aharony’s duality (3.12) to
the last node. Flavor bounds require k4 ≥ 0. This ultimately gives
Theory E: U (k1)N1−N2×U (k1 + k2)N2−N3×U (k1 + k2 + k3)N3−N4×U (k1 + k2 + k3 + k4)N4 .
(3.25)
Note that the fourth node does not pick up a monopole-like global symmetry for its Abelian
gauge field. This is related to the fact we have one more node than bifundamentals and is
also a feature of the dualities in ref. [15] and ABJM theory [38].
Following the mass identifications through the dualities, we see M2i,i+1 ↔ −m2i,i+1. The
uniform mass deformations of Theory E are
(E1) m2i,i+1 < 0 : U (k1)N1 × U (k2)k2 × U (k3)N3 × U (k4)N4 (3.26a)
(E2) m2i,i+1 > 0 : U (k1)N1−N2 × U (k1 + k2)N2−N3 × U (k1 + k2 + k3)N3−N4
× U(k1 + k2 + k3 + k4)N4 (3.26b)
which, reassuringly, are level-rank dual to the phases considered above in (3.17). Here once
again some care is required for the Higgs phase. Since we are assuming all ki ≥ 0 in order
to meet the flavor bounds above, the maximal Higgsing vacuum expectation value is, using
block matrix notation,
〈Xaiai+1i,i+1 〉 ∝
(
1Ki 0
)aiai+1
. (3.27)
where ai, ai+1 are gauge indices to U(Ki) and U(Ki+1), respectively and we have defined the
shorthand
Kj ≡
j∑
i=1
ki. (3.28)
Of course, as we apply all the aforementioned dualities the matter interaction terms are
changing as well. We also end up with the interaction term (A.25) between adjacent bifun-
damental scalars for theory E. The interaction is such that a bifundamental scalar vacuum
expectation can only affect nodes/links to its right now. 7 The analog of (3.22), which is a
schematic stand-in for (A.25), is
Theory E: C
(E)
2
(
X†a2a11,2 X
2,3
a2a3
)(
X†b2a32,3 X
1,2
b2a1
)
. (3.29)
where now we ignore the fact that when X2,3 acquires a vacuum expectation value it gives a
mass to X1,2.
7This is most obvious to see when moving from Theory C to Theory D. In theory C, the X1,2 bifundamental
can influence the mass of the fermion on the 2, 3 link, but not vice versa. Hence, in Theory D the interaction
between X1,2 and X2,3 should obey the same rule to get a matching of TFTs.
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Effect of Interactions
We would now like to show that these interaction terms are vital for a matching the mass de-
formed TFTs. Although we found a matching between phases for the completely gapped/Higgsed
phases above, these were very special cases. In order to observe the expected partial gap-
ping/Higgsing behavior to apply to theta walls, we need to carefully treat the interactions.
First it will be helpful to specialize to a particular sign and magnitude of interaction
terms coefficients, C
(A)
I and C
(E)
I for I = 2, 3 (i.e. all internal nodes). Specifically for the
purposes of matching onto the phases of (1.4), we take C
(A)
I < 0 and C
(E)
I < 0.
8 We also
assume |C(E)I | → ∞ such that |C(E)I |  |m2i,i+1|. Although not considered in [16, 17], it is
straightforward to check that a very large interaction term on one side of the master duality
implies a very small interaction term on the other side of the duality.9 Hence, C
(A)
I → 0 so
the hierarchy M2i,i+1  C(A)I > 0 holds for all mass deformations. In such a limit we can
effectively ignore the interaction terms on the SU side of the duality.
The choice of magnitudes above has the added effect of simplifying the analysis of the
interaction terms and the TFT structure. It is possible to derive quiver theories for more
general interaction coefficients and still find matching TFTs, but we leave such analysis for
future work.
Let us now consider the effect of the interaction terms on the U side of the duality. The
two interaction terms of theory E are given by
C
(E)
2
(
X†a2a11,2 X
2,3
a2a3
)(
X†b2a32,3 X
1,2
b2a1
)
+ C
(E)
3
(
X†a3a22,3 X
3,4
a3a4
)(
X†b3a43,4 X
2,3
b3a2
)
. (3.30)
Consider the case when X1,2 acquires a nonzero vacuum expectation value as in (3.27). This
term breaks U(K2) down to U(K2−K1), which is the usual effect of the Higgsing. Addition-
ally, the first interaction term (3.30) becomes
−
(
X†a2a11,2 X
2,3
a2a3
)(
X†b2a32,3 X
1,2
b2a1
)
∝ −
(
1K1 0
0 0
)a2
b2
X†b2a32,3 X
2,3
a2a3 . (3.31)
Hence the vacuum expectation value of X1,2 shows up as a negative mass deformation for the
first K1 components of X2,3 and thus also breaks the U(K3) to U(K3−K1). As such, except
for the X1,2 link, each bifundamental can acquire a mass deformation from two different
sources: its explicit mass term as well as the interaction terms to its left. As an example, let
8We must choose the coefficients of the interactions to be the same sign for a matching of TFTs. To see
this, first note that we use the master duality once on each internal node, and under the master duality the
interaction term flips sign [16, 17]. An additional sign flip comes from the application of the master duality
for the node to the left of an internal node, which sign flip when changing the fermions in the interaction to
bosons.
9To see this, let us specialize to the notation used in [17]. Here we saw that by changing the sign of c4 and
c′4, one could change the location of the “singlet critical line”. Smoothly changing c4 → −c4 causes the line to
move from phase IV to phase III. Meanwhile, changing c′4 → −c′4 to move from phase IV’ to phase I’. Thus,
for example, we can shrink the size of region IVb and IVb’ by decreasing the magnitude of c′4 and increasing
the magnitude of c4. In the limit c
′
4 → 0, we must take |c4| → ∞.
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us assume m22,3 = m
2
3,4 = 0 but m
2
1,2 < 0. Then X2,3 acquires a vacuum expectation value
from (3.31). The interaction term between X2,3 and X3,4 also means X3,4 gets a negative
mass shift,
−
(
X†a3a22,3 X
3,4
a3a4
)(
X†b3a43,4 X
2,3
b3a2
)
∝ −
(
1K1 0
0 0
)a3
b3
X†b3a43,4 X
3,4
a3a4 . (3.32)
breaking U(K4) to U(K4 − K1) and giving the first K1 components an additional negative
mass deformation. If there are no other mass term deformations, this effect cascades to the
right across the entire quiver.
Now let us consider how this changes if X2,3 also had a mass deformation. A negative
mass deformation would further break down the U(K3) subgroup to U(K3 − K2), and this
could also propagate down the quiver, as we just discussed. Positive mass deformations are
slightly more tricky since we need to consider them in two regimes. First consider the case
where the negative mass deformation from (3.31) is larger than that of the mass term for
X2,3. Then the results considered above are unchanged, X1,2 is still partially broken. When
the mass term has a larger positive mass contribution than that of (3.31), X2,3 is completely
gapped. This means none of the components have a nonzero vacuum expectation value, and
thus the interaction (3.32) contributes no mass to X3,4. In other words, if the mass term
for X2,3 is large enough, it can stop of propagation of X1,2’s breaking down the quiver. We
have avoided this case by assuming
∣∣∣C(E)I ∣∣∣ ∣∣∣m2i,i+1∣∣∣, thereby forbidding large positive mass
deformations from blocking the propagation of the breaking down the quiver.
What about when X2,3 acquires a negative mass deformation but the X1,2 and X3,4 mass
terms are untouched? By the same reasoning above, X3,4 will also acquire a negative mass
shift to its first K2 components via the interaction terms, causing the breaking of U(K3)
and U(K4) to U(K3 −K2) and U(K4 −K2), respectively. However, as we have been careful
to argue in Appendix A.3, X2,3’s vacuum expectation value should not be able to influence
nodes/links to its left. Hence X1,2 is unaffected.
We are now in the position to consider mass deformations which are partially Higgsed.
That is, not all bifundamental masses are taken to be the same sign. Specifically, consider the
case where the bifundamentals Y1,2 and Y3,4 are Higgsed and Y2,3 is gapped (corresponding
via mass identifications to X1,2 and X3,4 being gapped and X2,3 being Higgsed). This yields
the phases
(A3) : SU(N1 −N2)−k1 × SU(N2)−k1−k2 × SU(N3 −N4)−k3 × SU(N4)−k3−k4 (3.33a)
(E3) : U(k1)N1−N2 × U(k1 + k2)N2 × U(k3)N3−N4 × U(k3 + k4)N4 (3.33b)
which are level-rank dual to one another! Note that the interactions are vital for us to reach
this conclusion. We have used the fact that X2,3 acquiring a vacuum expectation value breaks
the U(K2) subgroup of U(K3)→ U(k3)N3−N4 ×U(K2)N3−N4 and also, due to the interaction
term, U(K4)N4 → U(k3 + k4)N4 × U(K2)N4 . Without such terms we would have found the
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U(K4)N4 group unbroken, yielding the TFT
(E3¯) : U(k1)N1−N2 × U(k1 + k2)N2−N4 × U(k3)N3−N4 × U(K4)N4 (3.34)
which is clearly not level-rank dual to (3.33a).
Generalization to n Nodes
Now let us generalize this prescription to an arbitrary number of nodes. For n nodes, there
is a duality between the following two theories:
Theory A: SU(N1)−k1 ×
n∏
i=2
[SU(Ni)−ki × bifundamental Yi−1,i] (3.35a)
Theory B:
n−1∏
i=1
[
U(Ki)Ni−Ni+1 × bifundamental Xi,i+1
]× U(Kn)Nn (3.35b)
where flavor bounds require ki ≥ 0 and N1 ≥ N2 ≥ . . . ≥ Nn. As with the above case, these
theories can be shown to be dual by systematically applying Aharony’s duality (1.1a) to the
first node, the master duality to every two-link node, and then Aharony’s other duality (1.1b)
to the last node. The master duality is not needed for the two-node case.
Implied above are interaction terms on the U side of the duality of the form of (A.25).
Equivalently, we can use the schematic interaction
L(B) ⊃
n−1∑
I=2
C
(B)
I
(
X
†aIaI−1
I−1,I X
I,I+1
aIaI+1
)(
X
†bIaI+1
I,I+1 X
I−1,I
bIaI−1
)
(3.36)
with the understanding that such interactions can only give mass terms to the link on their
left. Here, ai, bi the gauge indices of the ith node and C
(B)
I → −∞ so that |C(B)I |  m2i,i+1.
In this limit, on the SU side of the duality the interaction terms are very small and have no
effect on the mass deformed phases, so we ignore them.
To summarize the interaction behavior on the U side: a bifundamental scalar Xj,j+1
acquiring a nonzero vacuum expectation value affects nodes/links to the right but not to the
left. Namely, it causes all bifundamental scalars (i.e Xi,i+1 with i > j) to acquire a similar
vacuum expectation for the first Kj components. This in turn causes a breaking of all gauge
groups nodes i > j to U(Ki −Kj). Note this effect can compound, so if Xj,j+1 and X`,`+1
acquire a vacuum expectation value from their respective mass deformations, the gauge group
on node i > j > ` undergoes breaking U(Ki)→ U(Ki −Kj)× U(Kj −K`)× U(K`).
As mentioned earlier, other dualities which flow to other TFTs can be constructed by
changing the sign/magnitude of the interaction terms, but such considerations are left for
future work.
3.3 Self-Consistency Checks
Returning to the bosonic particle-vortex duality, it should now be clear the derivation we
outlined in Sec. 3.1 is the two-node case of the more general non-Abelian linear quivers with
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values
N1 = N2 = k1 = 1, k2 = 0, (3.37)
which is shown in Fig. 2. Note this saturates all flavor bounds and carries the minimum
value of parameters without being completely trivial, so the particle-vortex duality can be
thought of as the simplest case of an infinite class of 2 + 1 dimensional Bose-Bose dualities.
Additionally, it is clear that the derivation of the two-node quiver requires no master duality
since there are no nodes connected to two links.
Another helpful tool in analyzing the more general non-Abelian quiver dualities as well
as comparing them to the holographic dualities in Sec. 4.2 will be comparing the spectrum
of the two theories. To this end, let us briefly review how the spectra of the particle-vortex
duality match on either side of the duality.
First consider the case when Φ acquires a vacuum expectation value in (3.5) through a
negative mass deformation. It is well known the breaking of the U(1) gauge symmetry gives
rise to vortex solutions of finite mass charged under B1 flux. Since there is no dynamical
Chern-Simons term on this end, there is no funny business with flux attachment or alternative
vortex solutions. These vortices carry flux charge under the broken U(1) gauge group which
can be seen by looking at the asymptotic behavior of the gauge field.
Now consider the Abelian-Higgs model but instead in the form which is more amenable to
matching onto the non-Abelian quivers (i.e. (3.6)). In this form we have two U(1) gauge fields,
one of which is redundant and can be integrated out. When 〈Φ〉 ∼ v, it forces the breaking
of U(1)× U(1) → U(1)A, where U(1)A is the subgroup where the two U(1) transformations
act oppositely on Φ, leaving it invariant. Again, the breaking of a U(1) symmetry ensures
that there are vortex solutions which are charged under the flux of the broken symmetry. In
this case, it corresponds to a nonzero winding of both a1 and c at spatial infinity, since the
broken U(1) group is where they are set equal to one another (i.e. U(1)diag). For the vortex
solution where a1 = c energy contributions from the Chern-Simons terms drop out, as they
should since they weren’t present in (3.5). Since there is nonzero a1 flux the vortex is charged
under the background B1 field. Also note that the vortex has finite mass proportional to the
vacuum expectation value of the scalar. As expected, we reach the same conclusions when
working from (3.5), albeit in a slightly more complicated manner.
Due to the mass identification, the phase where Φ has a vacuum expectation value should
be identified with the phase where φ is simply gapped. The U(1) global symmetry is unbroken
and φ excitations of (3.3a) are charged under theB1 field, which are identified with the vortices
on the opposite side of the duality.
Meanwhile, for mass deformations where φ obtains a vacuum expectation value and
Φ is gapped, the U(1) global symmetry on both sides of the duality is broken. This is
straightforward to see on the φ side of the duality and is made clear on the Φ side by rewriting
the photon using the Abelian duality, Fµν ∼ µνρ∂ρσ. Since the U(1) global symmetry is
broken, we expect Goldstone bosons on either side of the duality. For the φ field, we have
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massless angular excitations. In this phase the photon remains gapless and it is identified
with the Goldstone boson of the Φ side.
We claim the above results completely generalize to the n-node quiver case. Across the
duality we have established the fact that the global U(1) symmetry of the Xi,i+1 bifundamen-
tal is identified with the monopole number symmetry of the ith node. We begin with the side
of the duality where a U(1) global symmetry is unbroken, which corresponds to a positive
mass deformation on the SU side and a negative mass deformation on the U side. We will
focus on the behavior of a single bifundamental since generalization is straightforward.
When we gap the Yi,i+1 bifundamental on the SU side, on the U side this should cause
the Xi,i+1 bifundamental to acquire a vacuum expectation value as a result of the M
2
i,i+1 ↔
−m2i,i+1 mass mapping.
Let’s take a closer look at the breaking term to account for degrees of freedom. Schemat-
ically the interaction term can be written in the form
V (Xi,i+1) ∼ Tr
[
(Xi,i+1)aiai+1
(
X†i,i+1
)biai+1 − v2δbiai]2 . (3.38)
With the gauge freedom we can take 〈Xi,i+1〉 to be of the from of (3.27). This causing the
breaking of
U(Ki)× U(Ki+1)→ U(Ki)diag × U(ki+1), (3.39)
corresponding to an overall broken U(Ki) gauge symmetry. Each Xi,i+1 field has 2KiKi+1
total degrees of freedom. Within the U(Ki) subspace, there are K
2
i flat directions corre-
sponding to “angular” excitations, which are consumed by the broken U(Ki) gauge fields to
become (two-component) massive “W-bosons”. The remaining K2i scalar degrees of freedom
represent “modulus” excitations in directions of the potential which are not flat and are thus
analogous to Higgs bosons. Additionally, these modes are now adjoint particles since they
are charged under U(Ki)diag. This leaves 2Kiki+1 degrees of freedom, which acquire a mass
through the double trace-like interaction term that is present for Wilson-Fisher scalars. Hence
all bifundamental scalar particles are gapped, as they should be.
As with the particle-vortex duality, we would like to show vortices on the U side should be
identified with the gapped particles on the SU side of the duality. The gapped Yi,i+1 particles
are charged under the unbroken U(1) symmetry and carry baryon number. Meanwhile, when
the Xi,i+1 particles acquire a vacuum expectation value, the breaking of the corresponding
U(1) subgroup mean vortices associated to that link now have finite mass and are topologically
stable since 10
pi1 (U(Ki)× U(Ki+1)/U(Ki)diag) ' Z. (3.40)
10One might worry that we may be able to form other vortex solutions by winding the other broken subsets,
say U(1)A ⊂ U(Ki+1)×U(Ki+2)/U(Ki)diag. Note however that the interactions force the vacuum expectation
value of the associated U(Ki) subgroup of the Xi+1,i+2 bifundamental to be effectively infinite. This is distinct
from 〈Xi,i+1〉 which is presumed to be proportional to the mass deformation and finite. Thus such vortices are
significantly heavier than the vortex formed from a winding of the Xi,i+1 bifundamental and its corresponding
gauge groups. Note for the Xi,i+1 vortex, no matter the mass deformations of bifundamentals to its left, its
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Specifically, the vortex configurations correspond to a winding of the broken U(1)A ⊂ U(Ki)×
U(Ki+1)/U(Ki)diag gauge group as well as the phase of 〈Xi,i+1〉 at spatial infinity. Since the
broken subgroup U(1)A contains the ith node’s U(1) factor, through the BF term of that
node it coupled to the B˜2 field.
11 This is the same symmetry the gapped Yi,i+1 couple to,
and thus the two modes should be identified in a manner analogous to what we saw for the
particle-vortex duality.
Unlike the particle-vortex duality, the presence of nonzero Chern-Simons terms in the
mass deformed phases means variation with respect to dynamical gauge groups imposes a
flux attachment condition on the excitations. That is, particles charged under the respective
symmetry must be attached to the vortex excitations. This might be modified slightly due
to the breaking of the U gauge group, since the broken gauge degrees of freedom will become
massive giving an extra term when varying with respect to the corresponding massive gauge
degrees of freedom. We leave such analysis for future projects.
4 Theta Wall Dualities
In this section we consider duals to the Chern-Simons theories found on defects in 3 + 1-
dimensional SU(N) Yang Mills theory when the θ angle varies as a function of location.
Specifically, we look for a dual to (1.4).
We begin by reviewing a few essential facts about the expected theta dependence in pure
SU(N) gauge theories. Such gauge theories are believed to have multiple vacua related to
the physics of the theta angle. In each vacuum, physical quantities are not periodic in theta
with period 2pi but instead with period 2piN . The physical properties of the system are
nevertheless 2pi periodic. As we change theta by a single 2pi period, the true vacuum of the
system changes and the physics in the new vacuum at θ = θ0 + 2pi is the same as the physics
in the original vacuum at θ = θ0.
This picture can be most rigourously established at large N . In this limit the vacuum
energy as a function of θ is expected to scale as [39, 40]
E(θ) = N2h(θ/N) (4.1)
for some to be determined function h. This appears to be inconsistent with the periodicity
requirement
E(θ) = E(θ + 2pi). (4.2)
U(ki) subgroup will always have a finite vacuum expectation value, and thus the topologically stable vortex
solutions can always have finite energy via a winding of this corresponding subgroup.
11Since the Xi,i+1 vortices contain winding under U(1)A , which is a subgroup of the U(1) × U(1) gauge
symmetries of the ith and (i+1)th nodes, one might worry that such a vortex also carries flux under the (i+1)th
gauge group and is thus charged under the U(1) symmetry of the (i + 1)th node. However, as explained in
Appendix A.2, the BF coupling is such that nodes to the right of a bifundamental are only coupled via the
unbroken gauge group. Hence, although the vortices carry U(1) flux of the (i + 1)th node, they are only
charged under global symmetry of the ith node.
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As claimed above, a single vacuum with energy of the form (4.1) is expected to be 2piN
periodic, not 2pi periodic. This conundrum can easily be solved by postulating that the
theory has a family of N vacua labeled by an integer K. In this case the vacuum energy in
the Kth vacuum is given by
EK(θ) = N
2h((θ + 2piK)/N). (4.3)
Most of these vacua are meta-stable, the truly stable vacuum for any given θ is given by
minimizing over K:
E(θ) = N2 min
K
h((θ + 2piK)/N). (4.4)
The resulting function E(θ) has the expected 2pi periodicity. While the energy of (say) the 0-
th vacuum keeps increasing as we increase theta from 0 towards 2pi, the energy of the K = −1
vacuum at θ = 2pi is exactly the same as the energy of the 0-th vacuum was at θ = 0. One
expects that a transition from the 0-th to the (−1)-th vacuum is triggered at θ = pi. While
physics in any given vacuum is 2piN periodic, the system as a whole, in its true vacuum, is
2pi periodic.
We are now in a position to discuss the physics of theta interfaces and domain walls. Let
us first turn to the case of interfaces. Starting with a confining gauge theory (pure Yang-Mills
in this case), one can introduce interfaces across which the theta angle changes by an integer
multiple of 2pi,
∆θ = 2pin. (4.5)
The theory is assumed to be everywhere in the true ground state. This means, in particular,
that the index labeling the local vacuum state changes by −n units as the theta angle changes
by 2pin. Since the theta angle is a parameter in the Lagrangian, translation invariance is
explicitly broken in this theory and we do not expect any Goldstone bosons corresponding to
fluctuations of the position of the interface.
As we explained in the introduction, a spatially varying theta gives rise to domain walls
on which Chern-Simons theories live. However, anomaly inflow does not constrain the exact
Chern-Simons theory. Ref. [10] has argued that for |∇θ|  Λ and |∇θ|  Λ, one should
expect the TFTs [SU(N)−1]n and SU(N)−n, respectively. Assuming a smooth transition,
(1.4) was proposed as a possible CFT to describe the transition between these two extreme
cases.
The generic phase of (1.4) is characterized by a partition {ni} of n, that is integers ni
with the property that
∑
i ni = n. Each ni denotes the number of gauge group factors along
the quiver that have been Higgsed down to their diagonal subgroup before we encounter a
positive mass squared scalar. For example, n1 = n corresponds to the completely Higgsed
SU(N)−n phase associated with the steep wall, ni = 1 for i = 1, . . . , n corresponds to the
shallow wall with [SU(N)−1]n. The generic phase is given by a TFT based on
Phase {ni} :
∏
i
SU(N)−ni . (4.6)
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One extra subtlety that arises concerns global symmetries. The scalar fields are bifundamen-
tals under neighboring SU(N)−1 gauge group factors. This leaves an overall phase rotation
of every single scalar as a global symmetry, for a combined U(1)n−1 extra global symmetry
from the n − 1 scalar fields. If these indeed were global symmetries of the parent theory
this would lead to unexpected consequences. Most notably, in the fully broken phase the
low energy theory on the interface would not just be the topological SU(N)−n Chern-Simons
theory we expect, but would in addition contain n − 1 massless Goldstone bosons as these
extra global symmetries are spontaneously broken in the condensed phase. The proposal of
[32] is to add extra terms to the action that break these extra global symmetries so that there
are no Goldstone bosons. The simplest option to do so is a det(Y ) term for each link12, which
is indeed gauge invariant under all SU(N)−1 gauge group factors but is charged under overall
phase rotations of Y . The quiver gauge theories we discussed in the last section do not have
these determinant terms added to the potential. The dualities we derive will most naturally
apply to the theory without the determinant terms. To connect to the theory of the theta
interfaces we will have to add the extra determinant term as a deformation.
In addition to interfaces a second type of co-dimension one defect we can discuss are
domain walls. These are already present in a theory with constant theta. They govern the
decay of one of the meta-stable vacua of the theory to the true vacuum. In the idealized case,
we can consider the theory in a state where we interpolate between two metastable vacua
as we move along a single direction, which we once more chose to be the x3 direction. For
simplicity we are only interested in configurations which preserve 2 + 1 -dimensional Lorentz
invariance, that is we focus on flat domain walls. If the theory starts in the 0-th vacuum as
x3 →∞, we can interpolate to the n-th vacuum at x3 → −∞. While the state of the system
at large negative x3 is not in the true local ground state, this configuration is meta-stable.
The false vacuum has to decay via bubble formation, which is governed by the domain wall
tension. It has been argued [40] that the tension of the wall is of order N , a fact that is
obvious in the holographic realization of these walls which we will turn to in Sec. 4.2. At
large N this means that decay of the meta-stable vacuum is e−N suppressed. In addition the
difference in vacuum energies will exert a pressure on the domain wall generically causing the
wall to move. But since the pressure difference is order N0, whereas the domain wall tension
is order N , the domain wall can be treated as static in the large N limit.
As far as the anomalies are concerned, the analysis of [32] generalizes to the case of walls:
the gauge theory on the defect should be the same whether we are forced to jump n vacua
because of a 2pin jump in θ, or whether we study a dynamical wall that interpolates between
two n-separated vacua in a theory with fixed θ. The main difference appears to be that this
time the wall is dynamical with a finite tension. Most notably, this implies that we should have
(at large N) a massless scalar living on the wall whose expectation value gives the location
12Of course any power of det(Y ) would do the job in that it is gauge invariant but charged under the global
symmetry. For small values of N we need to make use of this freedom. For example, for N = 1 det(Y ) = Y
and we would simply add linear potentials, whereas for N = 2 we would be adding mass terms. Instead we
should add det(Y )4 and det(Y )2 respectively in those two cases.
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of the wall. It being the Goldstone boson of broken translations, the scalar has an exact shift
symmetry that protects it from becoming massive. While interfaces were characterized by
a free function θ(x3) and were only loosely characterized into shallow and steep, for walls it
is much easier to characterize the moduli space of allowed configurations. We have a total
of n discrete jumps from one vacuum to the next. When the walls are widely separated,
we should have n separate walls connecting two neighboring vacua each. In this limit, we
should have a total of n translational modes as the different basic walls can presumably move
independently. The gauge theory living on these widely separated walls should be [SU(N)−1]n
as above together with these decoupled light translational modes. This is indeed what follows
from the analysis of Acharya and Vafa in the closely related case of N = 1 supersymmetric
gauge theories [41] (see also [42]). The other extreme is when all n walls coincide and we have
a single wall across which we jump by n vacua, presumably governed by a single SU(N)−n
gauge theory and a single translational mode.
To summarize, note that we are still characterizing the phases by partitions {ni} of n
and the gauge theory on the wall is once again governed by the topological field theory (4.6).
In addition we have the decoupled translational modes. At finite N the walls no longer
correspond to static configurations as they will be pushed around by the pressure differences,
making them generically much harder to study than the case of interfaces. The reason we
discuss them at all as that, at large N , they have a very simple holographic realization which
we will employ in what follows to check our dualities.
4.1 Theta Wall Dualities via 3d Bosonization
We now consider possible duals to (1.4) via 3d bosonization. Fortunately, such a theory can
easily be constructed from the non-Abelian linear quiver dualities.13 Consider the n node
linear quiver, (3.35), and take
1 = k1 = k2 = · · · = kn (4.7a)
N = N1 = N2 = · · · = Nn. (4.7b)
This satisfies all flavor bounds of the derivation given above since ki ≥ 0 and N = Nj ≥
Nj+1 = N . In this case the dual quiver theories become
Theory A: [SU(N)−1]n ×
n−1∏
p=1
bifundamental Yp,p+1 (4.8a)
Theory B:
n−1∏
p=1
[U(p)0 × bifundamental Xp,p+1]× U (n)N (4.8b)
13As touched upon earlier, if one tried to derive such a quiver using only Aharony’s dualities, one would
inevitably run into violations of the flavor bound. Thus it appears the interactions between links which come
from the master duality are a necessity.
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and the relevant mass deformations for all bifundamentals taken positive/negative are given
by
(A1) M2i,i+1 > 0 : [SU(N)−1]
n (4.9a)
(A2) M2i,i+1 < 0 : SU(N)−n ×
n−1∏
p=1
[SU(0)−p] (4.9b)
(B1) m2i,i+1 < 0 : [U(1)N ]
n (4.9c)
(B2) m2i,i+1 > 0 : U(n)N ×
n−1∏
p=1
[U(p)0] . (4.9d)
The topological sector of Theory A matches the TFTs we set to find at the outset, SU(N)−n
and [SU(N)−1]n. In addition both sides have decoupled massless modes that also match. We
assume that the non-Abelian part of U(p)0 confines at low energies and is therefore gapped.
This implies that the dynamics of the confining gauge group should have no effect on the
physics at scales well below the gap. The U(1) part however gives rise to a light photon for
every level 0 unitary gauge group. On the SU side these light photons map to Goldstone
bosons. In a theory with Ns < N scalars charged under a SU(N) gauge symmetry a full
global U(Ns) flavor symmetry is unbroken as the gauge group is broken to SU(N − Ns) by
a scalar vacuum expectation value. The broken gauge generators can be used to compensate
any flavor rotation. In the special case of Ns = N , which is of interest to us here, the U(1)
part of the flavor symmetry however is broken and so we will get a corresponding Goldstone
boson. In order to keep track of these light scalars we denote the Goldstone bosons as SU(0)−p
theories, which continue to be “level-rank” dual to the U(p)0 factors of Theory (B2); either
theory denotes a decoupled light scalar mode. Including these factors we see that there is a
perfect matching both between the topological sector and the decoupled light modes.
One should note that these extra massless Goldstone bosons are exactly the ones that in
the theory of theta interfaces have been eliminated by the det(Y ) potentials. As it stands, our
quiver duality applies to (1.4) without these extra determinant terms. Since the global U(1)
baryon number symmetries under which det(Y ) is charged map to monopole symmetries on
the U side, the corresponding dual operator is a monopole operator. Adding this monopole
operator to the theory should lead to confinement of the U(1)0 factors together with their
non-Abelian counterparts and hence remove the massless photons associated to these factors
from the spectrum, just as we removed their dual Goldstone bosons on the SU side.
Given the fact that most of the gauge group factors on the U side confine, we can further
simplify the low energy description of this side of the duality. The confining groups cause
the bifundamental matter and antimatter to form “mesons”. If the matter/antimatter is still
charged under some gauge group with nonzero Chern-Simons level, the meson transforms as
an adjoint under said gauge group as conjectured in (1.5). For phase (B2), there are the
adjoints formed from X†n−1,nXn−1,n since the (n− 1)th node confines. It is difficult to say if
bound states such as X†n−1,nX
†
n−2,nXn−2,nXn−1,n, which are also adjoints under the U(n)N
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gauge group, would be stable or if it would split into separate particles X†n−2,nXn−2,n and
X†n−1,nXn−1,n. If we assume the latter, there is only a single light adjoint scalar charged under
the U(n) considered above. 14 We also would want to conjecture that there are no additional
neutral mesons that become light together with the adjoint; such extra light matter is not
accounted for on the SU side of the duality. With these dynamical assumptions our quiver
duality boils down to the one we advertised in the introduction
[SU(N)−1]n + bifundamental scalars ↔ U(n)N + adjoint scalars (4.10)
with a det(Y ) potential for all the bifundamental scalars on the SU side implied.
Unlike the quiver dualities, which we derived from gauging global symmetries, the du-
ality (1.5) only follows upon making extra dynamical assumptions regarding the confining
mechanism. We can give extra evidence for this duality by, once again, looking at the phase
structure. On the U side the various massive phases are realized by adding mass squared
terms that give expectation values to the adjoint scalar (or remove it completely) together
with TrXk terms in the potential. We can always chose a gauge in which the scalar expecta-
tion value is diagonal, so the generic expectation values is characterized by the n eigenvalues
of the scalar expectation value. Due to the presence of the interaction terms, it is possible
to have none of the eigenvalues coincide, in which case the gauge group is [U(1)N ]
n. But
whenever two or more eigenvalues coincide, we do get an enhanced unbroken subgroup. Once
again the most general phase is encoded in partitions {ni} of n, where each integer ni denotes
the multiplicity of a given eigenvalue. The generic phase is given by ni = 1 for all i, whereas
the case of n coincident eigenvalues with a single U(n)N gauge group factor corresponds to
n1 = n. The generic partition corresponds to
Phase {ni} :
∏
i
U(ni)N . (4.11)
Reassuringly, this is exactly the level-rank dual gauge group of what we found for the quiver
theory, (4.6). In the next section we will give further support for the validity of this duality,
at least in the large N limit, using holography.
4.2 Theta Wall Dualities via Holography
Now we turn to the holographic proof of the duality. Our work will follow closely the stringy
embedding of bosonization presented in [33] based on the earlier string theory realization of
level-rank duality in [43]. In this construction the holographic duality between field theory
and supergravity becomes, at low energies, the purely field theoretic bosonization duality.
One starts with a well known holographic pair. The work of [33, 43] employs the original
holographic duality [44] between N = 4 super-Yang Mills (SYM) and type IIB string theory
14Note that when the bifundamental scalars on the SU side acquire a negative vacuum expectation value,
by assumption this breaks their gauge symmetry down to the common diagonal symmetry group and causes
the Higgsed bifundamentals to become adjoint particles. Thus we get gapped adjoint particles on both sides
of the duality for phase 2 considered above.
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on AdS5 × S5. We then deform the theory in such a way that all, or at least most, degrees
of freedom gap out and one is left with a non-trivial topological field theory (in the case of
level-rank) or conformal field theory (in the case of bosonization) in the infrared. Following
the same deformations in the dual gravity solution one finds that the spectrum of most
supergravity excitations also gets gapped out. The only remaining low energy excitations
are localized on a probe brane. These probe degrees of freedom in the bulk are found to be
related to the boundary degrees of freedom by the desired field theory duality.
Review of Holography Applied to 3d Bosonization
Let us first briefly review the case of level-rank. Starting with N = 4 SYM one can go to 2+1
dimensions via compactifying the theory on a circle of radius R. With anti-periodic boundary
conditions for the fermions in the theory, all fermionic Kaluza Klein modes pick up masses
of order 1/R and the scalars then pick up masses of the same order via loop corrections. At
energies below 1/R we are left with pure Yang-Mills in 2 + 1 dimensions, which is believed
to confine. The theory is gapped with gap of order 1/R. This is not quite yet the theory we
want, the IR is trivial rather than a non-trivial Chern-Simons TFT.
To produce the desired Chern-Simons terms we need to introduce the theta angle. Like
all coupling constants in the Lagrangian, the theta angle in 3 + 1 dimensional gauge theories
is usually introduced as a position independent constant, but it can be promoted to a non-
trivial background field. What we need here is a theta angle that linearly changes by 2pin as
we walk around the circle once. Since theta is only well defined modulo 2pi this is consistent
as long as n is an integer. The θF ∧ F term in the Lagrangian with constant theta gradient
can be integrated by parts to turn into a 2+1 dimensional Chern-Simons term with level −n.
So in short, N = 4 SYM with anti-periodic boundary conditions for fermions and a constant
theta gradient gives rise to a gapped 2 + 1 dimensional theory which, at low energies, is well
described by an SU(N)−n Chern-Simons theory.
These deformations are easily repeated in the holographic dual. The compactification
with anti-periodic boundary conditions for fermions is dual to the cigar geometry of [45], that
is a doubly-Wick rotated planar Schwarzschild black-hole where the compact time direction
of the Euclidean black hole plays the role of the compact spatial directions, whereas one of
the directions along the planar “horizon” becomes the new time direction. Most importantly,
the radial coordinate in this cigar geometry truncates at a finite value r = r∗ where the
compact circle contracts. Consequently this geometry acts as a finite box and so indeed all
supergravity fluctuations exhibit a gapped spectrum [45] with a mass gap of order 1/R. In
order to retain a non-trivial topological sector we still need to implement the spatially varying
theta angle. The theta angle is set by the near boundary behavior of the bulk axion field, so
we are looking for a supergravity solution where the axion asymptotes to a ∼ ny/R. Here y
denotes the coordinate along the circle direction and a = ny/R is an exact solution to the
axion equation of motion in the cigar background. As long as we are only interested in the
n  N limit we can ignore the backreaction of the axion on the background geometry and
a = ny/R appears to be the full solution to the problem. The only remaining issue is that
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the axion field strength fy = ∂ya = n/R in the bulk has to be supported by a source. This
source can be introduced by locating n D7 branes, wrapping the entire internal S5, at the tip
of the cigar at r = r∗. This stack of D7 brane introduces new degrees of freedom in the bulk.
The scalar fields corresponding to fluctuations of the D7 away from the tip are massive due to
the geometry of the cigar. Like all other geometric fluctuations they have mass of order 1/R.
The only other degree of freedom introduced by the n D7 branes is the worldvolume gauge
field. The latter acquires a Chern-Simons term of level N from the Wess-Zumino coupling
to the N units of background 5-form flux through the S5. Lo and behold, the low energy
description of the holographic bulk dual is simply a U(n)N Chern-Simons gauge theory living
on the D7 branes. Comparing low energy descriptions on both sides, AdS/CFT boiled down
to level-rank duality for the emerging TFTs.
The last step in order to derive 3d bosonization rather than level-rank from this construc-
tion is to add extra light matter into the theory. This can be easily accomplished using flavor
probe branes [46]. In the construction put forward in [33] an extra probe D5 adds fermionic
matter localized on 2 + 1 dimensional defects in the 3 + 1 dimensional theory. These defects
live at points in the circle direction, so at low energies they simply become light fermions
coupled to the SU(N)−n Chern-Simons gauge fields. The same probe branes can be argued,
from the bulk point of view, to add scalar matter to the dual U(n)N Chern-Simons gauge
theory. Instead of simply giving us level-rank, in this case holography, at low energies, reduces
to the basic non-Abelian 3d bosonization duality.
Holographic Realization of Theta Walls
To holographically realize the field theory theta domain walls we just reviewed we need to
start with a holographic duality for a confining 3 + 1 dimensional theory and then simply
once again follow the field theory deformation corresponding to turning on theta in the bulk.
The simplest realization of a confining 3 + 1 gauge theory with a gravity dual is Witten’s
black hole [45]. This is almost the same construction we employed previously, but lifted one
dimension up. We start with a 5d gauge theory, maximally supersymmetric YM with gauge
group SU(N), and compactify it on a circle with anti-periodic boundary conditions. The dual
geometry has once again the basic shape of a cigar, and the explicit supergravity solution is
given by
ds2 =
(u
L
)3/2 (
ηµνdx
µdxν + f(u)dy2
)
+
(
L
u
)3/2( du2
f(u)
+ u2dΩ24
)
,
eφ = gs
(u
L
)3/4
, F4 = dC3 =
2piN
V4
4, f(u) = 1− u
3∗
u3
. (4.12)
Here xµ are the 4 coordinates of 3 + 1 dimensional Minkowski space, y is the circle direction
we compactified to go from 4 + 1 to 3 + 1 dimensions. φ is the dilaton field, F4 the RR 4-form
field strength. Ω4 is the internal 4-sphere, with dΩ
2
4, 4 and V4 = 8pi
2/3 its line element,
volume form and volume respectively. The string coupling gs and the string length ls are the
parameters of the underlying type IIA super-string theory. L sets the curvature radius of the
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solution, it is determined by Einstein’s equations to be L3 = pigsNl
3
s . Last but not least u∗ is
the location of the tip of the cigar, it is related to the periodicity 2piR of the compactification
circle by R = 23L
3/2u
−3/2
∗ .
The holographic realization of turning on a constant theta angle has been worked out in
[40]. The theta angle is dual to the Wilson line of the bulk RR 1-form Cµ along the compact
y direction: ∫
S1
C = θ + . . . (4.13)
where the ellipses denote terms with negative powers of u, that is terms that vanish near the
boundary. The Wilson line is gauge invariant modulo 2piZ, so theta is indeed an angle. Using
Stokes’s law, we can rewrite the condition (4.13) as∫
D
F = θ + 2piK. (4.14)
Here F = dC is the field strength associated with the RR one-form and D is the cigar
geometry, which has the topology of a disc. Since
∫
D F is a well-defined real number whereas
θ is an angle, we have a 2piK ambiguity in F where K is an integer. For a given theta
there is more than one bulk solution for F , characterized by K. This is responsible for the
multi-branched structure of the allowed ground states which we expect to find. Physics in
any given one of the branches is only periodic in 2piN , the actual periodicity of θ is 2pi as it
should be. We simply jump to a different branch.
For generic theta it is non-trivial to solve the supergravity solutions subject to the con-
straint (4.14). But a very simple solution can once more be found [40, 47] in the probe limit
(θ + 2piK) N , or in other words K/N  1. In this limit one can neglect the backreaction
of the axion on the background geometry. Newton’s constant is of order 1/N2 in units where
the curvature scale L = 1, whereas the axion action and hence its stress tensor is of order 1 in
the large N counting. The only non-trivial equation left to solve is Maxwell’s equation for C1
in the background geometry (4.12) subject to the boundary condition (4.14). The solution is
C1 =
f(u)
2piR
(θ + 2piK)dy. (4.15)
The integer K is the bulk manifestation of the K-th vacuum. In fact, plugging the solution
(4.15) back into the action we find that the vacuum energy density of the K-th vacuum has
exactly the expected form from (4.3) with [47]
h(θ/N) = − 2N
2λ
37pi2R4
[
1− 3
(
λ
4pi2
)2(θ + 2piK
N
)2]
(4.16)
where λ = g2YMN = 2pigslsN/R is the ’t Hooft coupling.
While it is not obvious to us how to realize interfaces in this setup, the holographic dual
for a domain wall has already been proposed in [40]. A jump in vacuum, according to (4.14),
requires a jump in
∫
D F , which in turn requires a source magnetically charged under the RR
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Figure 4: Configuration of D6 branes.
1-form. The naturally stringy object carrying the appropriate RR charge is a D6 brane. The
D6 brane needs to wrap the entire internal S4 as well as the 3d Minkowski space spanned by
t, x1 and x2. It is localized in the x3 direction as well as on the cigar geometry D. From the
induced metric of a D6 sitting at a fixed position u and wrapping M2,1 × S4 is we can infer
that the D6 Lagrangian density e−φ
√−gI reads
L ∝ u5/2 (4.17)
meaning that the D6 brane experience a potential pulling it to smaller values of u: the D6
brane will sink to the tip of the cigar, see Fig. 4.
Let us first discuss the case of a single D6 brane. Without loss of generality, we can place
the D6 at x3 = 0. If we denote by D− the cigar/disc spanned by (y, u) at a fixed negative x3
and D+ the cigar/disc at a fixed positive x3, then the analog of the magnetic Gauss’ law for
the D6 brane reads ∫
D+
F −
∫
D−
F = 2pi. (4.18)
Comparing with (4.14) we see that this means that (θ + 2piK) jumps by 2pi as we cross, in
the field theory, the bulk x3 location of the D6-brane. This also implies that the vacuum
energy of the theory jumps across the D6. Furthermore, the D6 brane is clearly dynamical.
The x3 position of the D6 brane is a dynamical field. Since the metric is independent of x3
the corresponding worldvolume scalar is massless. These facts together clearly identify the
D6 brane as the domain wall between the j-th and (j + 1)-th vacuum [40] at a fixed theta
angle. The general wall in which we jump from the j-th vacuum to the (j + K)-th simply
corresponds to K coincident D6 branes. We can pull apart the stack of K D6 branes to
obtain a configuration of walls where the vacuum jumps one unit at a time at well-separated
locations in the x3 direction.
It is fairly straightforward to determine the low energy physics in the bulk. The back-
ground geometry once more truncates at a finite radial position, u = u∗. Correspondingly
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all supergravity modes are gapped. The only degrees of freedom surviving are the ones lo-
calized on the D6 branes. For a stack of n coincident D6 branes, these worldvolume degrees
of freedom are a U(n) gauge field as well as 3 adjoint scalars corresponding to motion of the
stack into the u, y and x3 direction. The u and y fluctuations are massive due to the cigar
geometry just as we reviewed above in section 4.2. The x3 scalar, however, is massless. The
worldvolume gauge field picks up a Chern-Simons term of level N from the Wess-Zumino
coupling of the worldvolume gauge field to the N units of 4-form flux. So the low energy
dynamics in the bulk is governed by a U(n)N gauge theory with a single massless adjoint
representation scalar. Holographic duality implies that this is an equivalent representation
of the quiver gauge theory with the additional n− 1 translational modes associated with the
domain walls at least in the large N limit.
Note that this way we almost landed on the duality (1.5). There is however a small dif-
ference. On the quiver side, we have the extra light modes corresponding to the translational
motion of the domain walls. As we argued before, we expect these to be present at large N .
At any finite N the domain walls would no longer be static. The phases of the quiver theory
are still given by (4.6) as long as one accounts for the extra decoupled translational modes.
The analogous statement on the U side of the duality is that the adjoint scalar governing the
position of the stack of probe branes this time corresponds to a flat direction. The various
phases are still parametrized by the n eigenvalues of the scalar matrix 〈x3〉. But this time
instead of having to add deformations to the potential we have a moduli space of vacua where
we can freely dial the expectation values of x3. The eigenvalues of 〈x3〉 simply correspond
to D6 positions and the enhanced gauge symmetries we encounter for coincident eigenvalues
simply arise from coincident D6 branes. The gauge groups of the various phases once again
are given by (4.11), but since the scalar potential was exactly flat this time each gauge group
factor comes with an extra massless adjoint. In the generic case where the gauge group is
[U(1)N ]
n these extra massless adjoints map exactly to the n translational modes we identified
on the quiver side. Surely the exactly flat potential for the probe scalar is also an artifact
of the large N limit and any bulk quantum corrections would lift this flat direction. Fur-
thermore, the phase where the adjoint gets a positive mass squared is not easily realized in
the brane picture. Modulo these extra light scalars, matching on both sides, the holographic
construction exactly reproduces our conjectured duality (1.5).
5 Discussion and Conclusion
In this work, we have developed the methodology for dualizing linear quiver gauge theories
with bifundamental scalars and argued that they can be viewed as the non-Abelian general-
ization of particle/vortex duality. Crucial to this is the interaction terms, which couple scalars
living on adjacent links and propagate the symmetry breaking pattern down the quiver in a
unidirectional manner. This is required to ensure the mass deformed phases are level-rank
dual to each other.
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We then specialize this general framework to the study of domain walls that arise in 3+1
dimensional Yang-Mills theory with a spatially varying theta angle. In addition, we embed
this special case in string theory and study the duality holographically. We find a novel duality
between a theory with bifundamental matter and one with adjoint matter, schematically given
by (1.5). Let us comment on the similarities and differences between these two approaches.
From the setup in ref. [32], we expect the bifundamental scalars on the SU side of
the duality to interpolate between a smoothly varying and a sharp domain wall/interface.
However, the pure field theoretic quiver approach of Sec. 3.2 makes opaque the geometric
interpretation of a physical wall located in space. The complementary geometric approach of
Sec. 4.2 makes this manifest: Higgsing a bifundamental is literally removing a D6 brane (i.e.
domain wall) from a stack and moving it to a different physical location in space. Widely
separated D6s correspond to the smoothly varying phase, reinforcing our intuition of the
theory at small |∇θ|.
When the walls on top of one another in the holographic duality we have new light
matter one both sides of the duality, but it manifests itself in a very different manner. On
the U side the extra matter enhances the gauge symmetry. Meanwhile, on the SU side the
bifundamentals just become additional massless scalars. This may seem peculiar given the fact
the bifundamental degrees of freedom match quite nicely when the walls are separated (albeit
by construction). But this is precisely the behavior we would expect in our 3d bosonization
duality. As we learned from the particle-vortex duality generalization, it is not actually the
bifundamental degrees of freedom which should match on either side of the duality but rather
particles and vortices. The very same mismatch of particle degrees of freedom is present in
the bosonic particle-vortex duality as well.
In fact, the matching of the particle and vortex degrees of freedom is very nicely realized
in the holographic duality. The dual of the baryons in the bulk are based on the standard
holographic construction of the baryon vertex [48], very similar to what was found in [33].
Namely, they are D4 branes wrapping the S4 and also extended along the time direction. In
order to be neutral, fundamental strings run from the D4 branes to the D6 branes on which
they live. Furthermore, the D6 branes dissolve the D4 branes turning them into magnetic
flux (it is more energetically favorable and has the same quantum numbers). The attachment
of N fundamental strings is analogous to particle/flux attachment. It can be argued that
the N fundamental strings cannot end on the same D6 brane. Hence when the D6 branes
get separated, the monopoles must also pick up a mass since the fundamental strings must
stretch from one D6 brane to another – providing more evidence that lines of flux can end on
domain walls. This is also in nice agreement with the behavior which occurs on the SU side
where the bifundamentals are interpreted as strings which stretch from one brane to another
and thus both acquire a mass proportional to the separation between branes.
One may wonder whether our quiver dualities can be useful in the context of deconstruc-
tion, following the recent work of [49]. There it was shown that Abelian quiver dualities can
be lifted to dualities in 3+1 dimensions. It would be very interesting to do this in the non-
Abelian case. One important ingredient in this construction is the use of “all scale” versions
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of the duality, following the construction of [50] in the supersymmetric case. We’d like to
point out that at least for two-node quivers, our method of gauging global flavor symmetries
does allow us to give all scale versions of the non-Abelian duality. Say we want a dual for
SU(N)k with Nf fermionic flavors with a finite gauge coupling. Since the gauge coupling
is dimensionful we are describing a theory with a non-trivial RG running. It interpolates
between a free theory in the UV and a strongly coupled CFT in the IR. We can obtain this
theory by starting with NNf free fermions and gauging a SU(N) subgroup of the global
SU(NNf ) flavor symmetry. At this stage we can add both the Chern-Simons as well as the
Maxwell kinetic terms. The original theory of NNf free fermions has dual descriptions in
terms of a U(K)1 gauge theory coupled to NNf scalars. Modulo flavor bounds K is a free
parameter. The global flavor symmetry simply rotates the scalar flavors in this dual. Pro-
moting a SU(N) subgroup to be dynamical we end up with a U(K)1 × SU(N)k gauge theory
with Nf bi-fundamentals. While the U(K) factor has infinite coupling, the SU(N)k factor
has a finite Maxwell term which maps directly to the Maxwell term of the same SU(N)k
factor on the dual side. This way we did construct a non-Abelian all scale dual to SU(N)k
with fermions. Unfortunately it is not yet clear how to generalize this construction to more
interesting quivers.
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A Building Non-Abelian Linear Quivers
Here we provide further details of our construction of the non-Abelian linear quivers.
A.1 Other Forms of the Duality
The second of Aharony’s dualities is given by taking the Ns = 0 of the master duality, (2.1),
which gives
LSU = iψ¯D/b′+C+A˜1ψ − i
[
Nf − k
4pi
TrN
(
b′db′ − i2
3
b′3
)
+
N
4pi
TrNf
(
CdC − i2
3
C3
)]
− i
[
N (Nf − k)
4pi
A˜1dA˜1
]
, (A.1a)
LU = |Dc+Cφ|2 − i
[
N
4pi
Trk
(
cdc− i2
3
c3
)
− N
2pi
Trk (c) dA˜1
]
. (A.1b)
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Performing the using c˜→ c˜+ A˜1 shift, canceling common factors on either side of the duality,
and defining Eµ ≡ Cµ + A˜1µ, we end up with
LSU = iψ¯D/b′+Eψ − i
[
Nf − k
4pi
TrN
(
b′db′ − i2
3
b′3
)
+
N
4pi
TrNf
(
EdE − i2
3
E3
)]
(A.2a)
LU = |Dc+Eφ|2 − i
[
N
4pi
Trk
(
cdc− i2
3
c3
)]
. (A.2b)
This yields the duality (3.12) which we use in going from theory D to theory E. Note that
in promoting A˜1 into a dynamical field, we again introduce a new global symmetry. We will
call the background gauge field associated with said symmetry B˜1.
Returning to the master duality, in the main text we could have combined the U(1) and
SU(Nf ) global symmetries into the definition of Eµ = Cµ + A˜1µ1Nf . For the purposes of
deriving the non-Abelian linear quivers, this was not necessary. For completeness, we show
the form of the duality here, because it gives the explicit master duality with all background
fields in its most succinct form. It is also convenient to define the U(Ns) gauge field Hµ ≡
Bµ + A˜1µ + A˜2µ. This leaves us with a duality of the form
LSU = |Db′+Hφ|2 + iψ¯D/b′+Eψ + Lint − i
[
Nf − k
4pi
TrN
(
b′db′ − i2
3
b′3
)]
− i
[
N
4pi
TrNf
(
EdE − i2
3
E3
)]
, (A.3a)
LU = |Dc+EΦ|2 + iΨ¯D/c+HΨ + L′int − i
[
N
4pi
Trk
(
cdc− i2
3
c3
)]
. (A.3b)
This makes the U(Ns)× U(Nf ) global symmetry explicit.
A.2 Global Symmetries
Here we discuss the matching of the global symmetries across the dualities in more detail.
In our four node example of Sec. 3.2, when stepping from theory A to B and subsequently
from theory B to C, there is an implicit matching that occurs between the two equivalent
Lagrangians we call theory B. To follow the global symmetries all the way through from
theory A to E, it is necessary to look at this matching more carefully. This implicit matching
also occurs for every intermediate theory as well (i.e. theories C and D for the four node case).
We will call these two equivalent descriptions theory B’ and B” and use a similar notation to
describing the matching of C and D as well.
To start, let us explicitly consider the matching of theory B. Specifically, theory B’ is
what we get from using (3.11) with theory A. Meanwhile, theory B” is what we would like to
apply the master duality in the form of (3.15) to get out what we now call theory C’. When
matching these theories to one another, what was the color gauge symmetry of theory B’
gets mapped to the (promoted) U(k3) flavor symmetry of theory B”. Meanwhile, the flavor
symmetry of theory B’ becomes the color symmetry of theory B”.
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Figure 5: How the matching occurs on a generic internal link, which for the purposes of
concreteness we have labeled C’ and C”.
It will be helpful to consider in closer detail how we are matching all the gauge fields to
which the fermions couple. The fermion couplings for the two theories are given by
(B’) : iΨ¯D/c+B+A˜1Ψ (A.4)
(B”) : iψ¯D/b′+C+A˜1−A˜2ψ. (A.5)
With a slight abuse of notation, the dynamical/background gauge fields of theory B’ and B”
denoted above are completely distinct and must be matched. The matching of the gauge
fields associated with gauge and global symmetries are shown in Table 3. Note the A˜1 field
belonging to Ψ is matched to B˜2 field of the subsequent node.
This careful matching allows us to focus on how the global U(1) symmetry gets transferred
through the dualities. In the duality relating theory A and B’, the U(1) global symmetry
is associated with A˜1. For theory A this shows up as a baryon-number symmetry and in
theory B’ it appears as monopole-like symmetry which couples to the U field flux. From
Table 3, we identify this symmetry with the U(1) monopole symmetry of theory B”, where
the associated background gauge field is B˜2. Recall, this is the new global U(1) symmetry
which couples to the newly gauged A˜2 field associated with the U symmetry of the first node.
Since this new monopole symmetry is the same on both sides of the duality relating B” and
C’, when we ultimately arrive at theory C’ we have a monopole-like symmetry which still
couples to the newly dynamical A˜2. From theory C’ onward, the nodes and links associated
with such a symmetry are untouched. Thus the U(1) global symmetry which coupled to the
Y1,2 bifundamental in theory A becomes a monopole symmetry coupled to the Abelian part
of the first U node in theory E.
Similarly matching must occur for theory C. Fortunately, we don’t need to work very
hard because the matching between C’ and C” is identical to what occurs above for B’ and
B” and is schematically shown in Fig. 5. The additional global symmetry associated with A˜1
is identified with the global U(1) symmetry on the next node.
We can again follow a global symmetry through from theory A to E for any of the
global U(1) symmetries which couple to bifundamentals higher up the quiver. We find results
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B’ Side B” Side C’ Side C” Side D’ Side D” Side
U Node c C − A˜2 c C − A˜2 c C + A˜1
SU Node B b′ B b′ B b′
U(1)m Global Symmetry A˜1 B˜2 A˜1 B˜2 A˜1 B˜1
Table 3: Matching of the intermediate theories. Note the matching of theory B’ and B”
generalizes for any internal matching, except for the very last. Here, B˜2 is the background
gauge field associated with the new global symmetry we get from gauging A˜2.
identical to those of the first node/link above: each U(1) global symmetry which couples to
the Yi,i+1 bifundamental becomes a U(1) global symmetry associated with monopole number
for the ith node.
Finally, consider how the matching occurs for the last node. In going from theory D”
to theory E in the example we considered in the main text, we used (3.12). Since for this
duality we need to promote the entire U(k2) flavor symmetry to dynamical, we once more
acquired an additional global symmetry which couples to the newly promoted A˜1 whose
associated background field we call B˜1. The matching of symmetries is slightly different and
is shown in Table 3. Since Aharony’s dualities only have one U(1) global symmetry, there is
no monopole-like symmetry associated with the right-most node.
We should also point out a special feature of the global symmetries that occurs for
certain mass deformed phases. Note that the A˜1 coupling of (2.1b) only couples to the
unbroken part of the dynamical gauge field c. That is, when the U gauge group is broken
down to say U(k1 − k2), the coupling changes from Trk1(c)dA1 → Trk1−k2(c)dA1. This is
important because when we are in certain mass deformed phases, we must be careful what
gauge components are coupled to the A˜1 charge. Of particular concern in the main text is
whether or not vortices couple to certain global symmetries. Since certain finite mass vortices
are charged under the broken part of certain gauge fields, they will not couple to particular
global symmetries and this will be important for matching excitations.
A.3 Bosonizing Interaction Terms
In this appendix, our goal is to justify the proper mapping of the interaction term present in
the master duality. We take as an example what occurs on the second node of our four node
example in Sec. 3.2, which has a U(K2) gauge symmetry on it. Specifically, we look at how
the interaction term changes when moving from Theory C to Theory D (see Fig. 6). With
the proper transformation in hand, we will then generalize to interaction terms on the SU
and U sides of the duality.
The term from the master duality we would like to apply the duality toward is
C
(C)
2
(
ψ¯a2a32,3 X
1,2
a2a1
)(
X†b2a11,2 ψ
2,3
b2a3
)
. (A.6)
Although we commit to a magnitude for C
(C)
2 in the main text, to keep this appendix general
we only assume C
(C)
2 < 0 in what follows. From the master duality, the purpose of this
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Figure 6: Example case of properly dualizing interaction terms. This is for the second node
of the four node case considered in the main text in Sec. 3.2 and also pictures in Figure 3.
interaction term is that when the X1,2 field obtains a vacuum expectation value this should
cause a subset of the fermions to get a mass [16, 17].
One might guess the proper transformation of the term between ψ2,3 and X2,3 from theory
C to theory D is simply a generalization of the mψψ¯ψ ↔ −m2X |X|2 mass identification. Hence
a naive generalization and the shorthand used in the main text is
C
(C)
2
(
ψ¯a2a32,3 X
1,2
a2a1
)(
X†b2a11,2 ψ
2,3
b2a3
)
↔ −C(D)2
(
Xa2a32,3 X
1,2
a2a1
)(
X†b2a11,2 X
2,3
b2a3
)
. (A.7)
This term has the correct behavior when X1,2 acquires a vacuum expectation value. Namely,
it gives X2,3 a color-breaking vacuum expectation value. Unfortunately this suffers from the
fact that the reverse procedure can happen as well. That is, when X2,3 acquires a vacuum
expectation, this gives a mass to X1,2. This is because X1,2 and X2,3 enter on symmetric
footing in (A.7), so it is difficult to see where the desired unidirectional behavior that was
present in (A.6) will come from. This means the TFT deformations do not match, so we must
look for a better generalization.
To do so, it will be helpful to go back to the large N and k studies where the duality map
between operators is better established. We will assume such mappings continue to hold for
finite values of N and k, at least up to order one factors, which will not affect the results of
our analysis.
Ultimately we’d like to find the true bosonic dual of ψ¯a2a32,3 ψ
2,3
b2a3
with a2 and b2 promoted
flavor indices. To do so, we’ll look for the bosonic dual of ψ¯ψ and assume our results generalize
to arbitrary flavor indices. We follow ref. [7] which represents the most general fermion
Lagrangian describing the fixed point as,15
LF = iψ¯D/b′ψ − i
[
Nf − k
4pi
TrN
(
b′db′ − i2
3
b′3
)]
+ σF
(
ψ¯ψ − y22
Nf − k
4pi
)
− y4Nf − k
4pi
σ2F + y6
Nf − k
4pi
σ3F . (A.8)
15We use a different regularization convention for the Chern-Simons-matter theories than that in [7]. See
[1] for a nice discussion on the differences in regularization conventions.
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where σF is an auxiliary field and y
2
2, y4, and y6 are arbitrary coefficients of the relevant and
marginal operators of the UV Lagrangian. For the coefficients we choose the values
y4 = x, y
2
2 = −2xmψ, y6 = 0. (A.9)
Eventually we would like to flow to the deep IR, which amounts to taking x→∞, where the
fermions pick up a finite mass mψ, but for now we will assume it to be finite. The dual of
LF on the bosonic side is
LB = |Dcφ|2 − i
[
N
4pi
Trk
(
cdc− i2
3
c3
)]
+m2Bφ
†φ+ b4
4pi
N
(
φ†φ
)2
+ x6
(2pi)2
N2
(
φ†φ
)3
(A.10)
where m2B, b4, and x6 are coefficient of marginal/relevant operators (the dual of the fermionic
parameters) which are then
b4 = x, m
2
B = 2x
(
N − k
N
)
m2φ, x6 = 0. (A.11)
Unfortunately, in the analysis of ref. [7], there is no clear dual to ψ¯ψ. We can however
express ψ¯ψ in terms of operators which do have a well-defined dual. Integrating out σF in
SF enforces the equations of motion
x
Nf − k
2pi
σF = ψ¯ψ + x
Nf − k
2pi
mψ. (A.12)
We can rearrange this expression to solve for ψ¯ψ,
ψ¯ψ = x
Nf − k
2pi
(σF −mψ) . (A.13)
Fortunately, we know how to dualize the RHS from the maps in [7]. We obtain
ψ¯ψ = 2x
Nf − k
4pi
(σF −mψ)↔ −2x
(
φ†φ+
N − k
4pi
m2φ
)
. (A.14)
Now let’s see how this is implemented for the WF scalar. We know we can rewrite the
WF scalar using auxiliary fields, namely, we write the quadratic and quartic terms so that
SB then contains the terms
SB ⊃
∫
d3x
[
σB
(
φ†φ+
N − k
4pi
m2φ
)
− N
16pix
σ2B
]
. (A.15)
Again, σB is an auxiliary field and its corresponding equation of motion is
φ†φ+
N − k
4pi
m2φ =
N
16pix
σB. (A.16)
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Notably, the LHS of this expression matches the term on the RHS of (A.14), so we can
establish the duality
ψ¯ψ ↔ −N
8pi
σB. (A.17)
Note all factors of x have dropped from this expression.
Hence, under the bosonization of the fermion end of this interaction, a naive generalization
of (A.17) for (A.6) would be
C
(C)
2
(
ψ¯a2a32,3 X
1,2
a2a1
)(
X†b2a11,2 ψ
2,3
b2a3
)
↔ −C(D)2
(
X†b2a11,2 X
1,2
a2a1
) N
8pi
(σ2,3)
a2
b2
(A.18)
where we have introduced the K2×K2 auxiliary fields σ2,3. Importantly, there is an inherent
asymmetry here because σ2,3 belongs to the X2,3 link. Grouping this together with the other
terms linear in σ2,3 and taking the x→∞ limit, the bosonic action of the link to the right of
the node is a generalization of (A.15) is
SB ⊃
∫
d3x (σ2,3)
a2
b2
(
X†b2a32,3 X
2,3
a2a3 +
N − k
4pi
m22,3δ
b2
a2 − C
(D)
2
N
8pi
X†b2a11,2 X
1,2
a2a1
)
(A.19)
where we have assumed that we have used the U(K2) symmetry such that
(
m2
)b2
a2
is always
diagonal.
Before proceeding, let us briefly comment on the need to introduce (K2)
2 σ fields. Had
we introduced only K2 sigma fields, all self-interactions would have been of the form∑
a2
(
X†a2a32,3 X
2,3
a2a3
)2
. (A.20)
In contrast, (A.19) implies self-interaction terms of the form
(
X†b2a32,3 X
2,3
a2a3
)2
with no sum
over a2 and b2. These can be combined into a perfect square,
(∑
a2
X†a2a32,3 X
2,3
a2a3
)2
. This
potential is needed to realize the full “flavor” symmetry, i.e. SU(Ns). Meanwhile, (A.20)
only preserves the diagonal U(1)Ns subgroup. For example, in the Ns = 2 the two distinct
choices for the interaction term are
|φ1|4 + |φ2|4 or
(
|φ1|2 + |φ2|2
)2
. (A.21)
The former is invariant under a U(1)2 symmetry while the latter is invariant under SU(2).
While it doesn’t appear that anyone has been careful enough to distinguish the two possibil-
ities in the context of Non-Abelian 3d bosonization dualities16, it appears that for symmetry
matching of the global flavor symmetries we do need (A.19) with its (K2)
2 auxiliary σ fields.
To analyze the effect of the interaction terms in (A.19) , let us recall how the original
WF term without the additional interactions, LB ⊃ σB
(
φ†φ+ N−k4pi m
2
φ
)
. We know that we
16In the Abelian case, dualities which differ only by the structure of the quartic interactions have been
discussed in [51].
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should expect
m2φ > 0 :
〈
φ†φ
〉
= 0 (A.22a)
m2φ < 0 :
〈
φ†φ
〉
∼ m2φ. (A.22b)
We can use this to make conclusions about (A.19). Note that we are assuming the U groups
on the nodes are of unequal rank and thus
〈
X†a1a21,2 X
1,2
a1b2
〉
= (v21,2)
a2
b2
6= v2δa2b2 as in (3.27) for
some constant v. We’ll also assume maximal Higgsing so that the a negative deformation of
m22,3 produces a vacuum expectation value of
〈
X†a2a32,3 X
2,3
b2a3
〉
= (v22,3)
a2
b2
∼ δa2b2 . We then find
m22,3 > 0,
〈
X†a1a21,2 X
1,2
a1b2
〉
> 0 :
〈
X†a2a32,3 X
2,3
b2a3
〉
∼ C(D)2 (v1,2)a2b2 (A.23a)
m22,3 > 0,
〈
X†a1a21,2 X
1,2
a1b2
〉
= 0 :
〈
X†a2a32,3 X
2,3
b2a3
〉
= 0 (A.23b)
m22,3 < 0,
〈
X†a1a21,2 X
1,2
a1b2
〉
> 0 :
〈
X†a2a32,3 X
2,3
b2a3
〉
∼
(
C
(D)
2 v1,2 + v2,3
)a2
b2
. (A.23c)
m22,3 < 0,
〈
X†a1a21,2 X
1,2
a1b2
〉
= 0 :
〈
X†a2a32,3 X
2,3
b2a3
〉
∼ (v2,3)a2b2 . (A.23d)
This is precisely the behavior that we would expect for a term dual to (A.6). That is, we see
that a nonzero vacuum expectation value of the X1,2 fields can cause certain components of
X2,3 to also get a vacuum expectation value. Importantly, if X2,3 has a vacuum expectation
value but X1,2 does not, the interaction term does not work in reverse. To see this, note that
the equation of motion for (σ2)
a2
b2
would require
(v22,3)
a2
b2
+ (N − k)m
2
2,3
4pi
= C
(D)
2
N
8pi
X†b2a11,2 X
1,2
a2a1 . (A.24)
Similar equations of motion hold for the X3,4 link, but importantly the X1,2 link contains no
such interaction term. To determine the vacuum expectation values, one then just needs to
consistently solve the three equations of motion. To do so, it is helpful to start with the one
corresponding to the X1,2 link. Since there is no interaction term for the X1,2 link, X2,3 has
no influence on v1,2 and its value follows in a manner completely analogous to (A.22). When
X1,2 acquires a vacuum expectation value, it then affects the X2,3 equation of motion via
(A.24). Hence we get our desired unidirectional influence. This behavior was always difficult
to achieve using the naive interaction generalization in (A.7) because both the X2,3 and X1,2
fields appeared in the term symmetrically. Thus the effect of one field acquiring a nonzero
vacuum expectation value was always the same as the other field, up to flavor structure.
More generally, for interactions on the U side we have
CI
(
ψ¯
aIaI+1
I,I+1 X
I−1,I
aIaI−1
)(
X
†bIaI−1
I−1,I ψ
I,I+1
bIaI+1
)
↔ −CI
(
X
†bIaI−1
I−1,I X
I−1,I
aIaI−1
) KI−1
8pi
(σI,I+1)
aI
bI
(A.25)
while for interactions on the SU side, which are unidirectional to the left,
CI
(
ψ¯
aI−1aI
I−1,I Y
I,I+1
aIaI+1
)(
Y
†bI+1aI
I,I+1 ψ
I−1,I
bI+1aI
)
↔ −CI
(
Y
†bI+1aI
I,I+1 Y
I,I+1
aI+1aI
) NI
8pi
(σI−1,I)aIbI (A.26)
– 40 –
where the σI,I+1 are auxiliary fields belonging to the (I, I + 1)-th bifundamental and I runs
over all internal nodes (e.g. I = 2, 3 for the four node case).
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